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We derive the gauge invariant perturbation equations for a 5-dimensional bulk spacetime in the
presence of a brane. The equations are derived in full generality, without specifying a particular
energy content of the bulk or the brane. We do not assume Z2 symmetry, and show that the degree
of freedom associated with brane motion plays a crucial role. Our formalism may also be used in
the Z2 symmetric case where it simplifies considerably.
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I. INTRODUCTION
The idea that our 4-dimensional observed universe may be a hypersurface or “brane” in a higher dimensional
spacetime is motivated by string- and M -theory [1, 2, 3]. In particular, 5-dimensional braneworld scenarios, in which
our universe represents the boundary of a 5-dimensional spacetime, have recently received considerable attention [4,
5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37,
38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58]. The case in which the bulk spacetime
is Anti de Sitter space and orbifold compactification is realized with the brane as fixed point has been particularly
studied. In this situation, it has been shown that 4-dimensional gravity is recovered on the brane [11, 20, 22, 23] on
energy scales much lower than the brane tension and/or bulk curvature, and late time cosmology is not changed if
the brane tension is sufficiently high [12, 13, 15, 16, 17, 18]. In an attempt to solve the fine-tuning problem between
the bulk cosmological constant and the brane tension, more complex models in which the bulk or the brane are filled
with several species (such as scalar fields) have recently been proposed (see for example [24] and references therein).
In these models Z2 symmetry is often assumed, and this is particularly convenient when considering boundary
conditions on the brane. If Z2 symmetry is dropped, brane motion in the bulk must be taken into account and
involved calculations are required in order to determine the boundary conditions on the brane. Whilst Z2 symmetry
is motivated by M -theory and is required for a supersymmetric brane configuration, such as a BPS state [1], there
exist situations in which Z2 symmetry is broken. This occurs, for example, when the brane is charged and couples to a
4-form field in the bulk [30]. Cosmological asymmetric brane models have been studied in [21, 26, 27, 28, 29, 30, 31, 32].
These developments have prompted us to derive gauge invariant perturbation theory for brane cosmology with one
codimension. Our aim is develop a formalism which may then be applied to any situation of cosmological interest.
Previously, perturbations in braneworld cosmology have been extensively studied in the literature mostly for the case
of Z2 symmetry [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51]. Here we consider the most general
situation in which the spatial background geometry on the brane has maximal symmetry and thus represents a space of
constant curvature k. We do not assume Z2 symmetry, and the boundary conditions on the brane are discussed. Also,
no particular gauge choice for the metric component g44 is made. The perturbation equations in the bulk and on the
brane are derived for general bulk and brane stress-energy tensors. This makes our formalism particularly convenient
when analyzing situations in which different bulk components (such as several scalar fields) are also considered. The
formalism can be used to study phenomena which have important observational consequences, the most important of
them being the calculation of the anisotropies of the cosmic microwave background [47, 51]. Since one must in general
first determine the behaviour of perturbations in the bulk before being able to determine their behaviour on the
brane [34], we pay particular attention to the relation between bulk and brane gauge invariant perturbation variables.
3These become more subtle when the position of the brane is displaced. Indeed we define a set of gauge invariant
variables in which the perturbation equations on the brane become similar to the usual 4-dimensional equations. We
then study the new terms arising in braneworlds.
Since we assume very general background spacetimes and no Z2 symmetry, some of our equations are extremely
cumbersome. In order to guide the reader through the rest of the paper, we now give a general overview of the
methods we use, the variables we introduce, and the equations we derive in this paper.
The basic setup is one of a 3 + 1-dimensional brane where the 3-space of constant time is maximally symmetric
(a space of constant curvature), embedded in a 4 + 1-dimensional bulk. As Z2 symmetry is not assumed, the bulk
spacetimes on each side of the brane will generally differ. Both the brane and the bulk may contain arbitrary matter.
Our notation is as follows:
• xα, α = 0, 1, 2, 3, 4 : spacetime coordinates (Greek indices), with metric gαβ and covariant derivative Dα,
• xi, i = 1, 2, 3 : coordinates on the maximally symmetric 3-space (second part of Latin alphabet) with metric
γij and covariant derivative ∇i,
• σa, a = 0, 1, 2, 3 : brane-worldsheet coordinates (first part of Latin alphabet),
• Xα(σa) : brane position in target-space.
• A Roman subscript b indicates “brane” whilst B denotes “bulk”.
• Certain variables such as the brane matter content (P (σa), ρ(σa), etc) are only defined on the brane. Other
variables such as the normal vector to the brane ⊥α or the extrinsic curvature Kαβ are also defined at the brane
position, but since they describe the embedding of the brane in the bulk, they may take different values on
either side of the brane. All these brane-related variables are underlined.
The action for the system is
S = SEH + S
m
B + S
m
b + SGH
=
∫
d5x
√
|g|
(
1
2κ5
R + LmB
)
+
∫
d4σ
√
|χ|Lmb + SGH. (1.1)
Here SGH is the Gibbons-Hawking boundary term required to consistently derive the Israel junction conditions [54],
and κ5 is the fundamental 5-dimensional Newton constant (related to the 5-dimensional Planck mass M5 by κ5 =
6π2M35 ). Furthermore, R is the bulk scalar curvature, gαβ and χab are the bulk metric and the induced metric on
the brane respectively, and LmB and L
m
b are respectively the Lagrangians for arbitrary matter in the bulk and matter
confined on the brane. They may also contain a cosmological constant or brane tension. The induced metric on the
brane is (see for example [67])
χab(σ) = gµν(X)
∂Xµ
∂σa
∂Xν
∂σb
, (1.2)
and the Einstein equations resulting from action (1.1) are
Gαβ = κ5
(
Tαβ +DTαβ
)
, (1.3)
where D is a covariant Dirac δ-function specifying the position of the brane (see Section III B), and
Tαβ =
2√
|g|
(
δSmB
δgαβ
)
, (1.4)
Tαβ =
2√
|χ|
∂Xα
∂σa
∂Xβ
∂σb
(
δSmb
δχab
)
. (1.5)
As noted above, we underline Tαβ and χab to emphasize that they are only defined on the brane (see Section III).
We consider these Einstein equations (1.3) for a homogeneous and isotropic brane and bulk background with first
order perturbations. As is summarised schematically in the left hand panels of Fig. 1, these equations contain three
parts: one is continuous; the second is discontinuous across the brane; and the third part is singular at the brane
position (proportional to D). The coefficients of each of the individual parts must be equated, leading to a number of
different equations. The continuous part gives the Einstein equations in the bulk and, via the Gauss-Codacci equation,
4they also determine the 4-dimensional Einstein tensor on the brane (see Section IV). The discontinuous (but non
singular) part is only non-trivial when Z2 symmetry is not assumed. It then gives equations for the continuous part of
the extrinsic curvature, and it describes the energy and momentum exchange between the brane and bulk, leading to
the equation of motion for the brane — the so-called “sail equation” [30, 31, 32]. Finally, the singular part represents
the second junction condition which relates the bulk geometries on each side of the brane through the brane geometry
and matter content.
We also discuss the so-called conservation equations for the stress-energy tensors given in Eqns (1.4,1.5). Again,
these contain a discontinuous, continuous and singular part. As is summarized schematically in the right hand panels
of Fig. 1, the continuous part gives the bulk energy momentum conservation, the discontinuity simply describes the
conservation of the jump of the bulk stress-energy on the brane, and the singular part leads to energy momentum
conservation of the brane with a possible contribution from the bulk, and to the sail equation.
When discussing the perturbations of these equations, we will make use of the maximal symmetry of the 3-
dimensional subspaces parallel to the brane. Our geometrical quantities will be decomposed into scalar, vector and
tensor degrees of freedom (with respect to these 3-spaces). This decomposition is not identical to the more physical
one containing density modes, vorticity modes, and 5-dimensional gravitational waves. The relationship between these
two approaches is given in Section VA. Finally, in order to set up a consistent gauge-invariant formalism for the
evolution of these perturbations, we will see that it is crucial to take fully into account the perturbed brane motion
(which can be written in a gauge invariant manner). This degree of freedom will be central to our analysis.
The outline of the paper is the following. In the next section (Section II) we discuss the unperturbed (or background)
5-dimensional bulk: we allow a foliation (with two codimensions) into maximally symmetric 3-spaces, and do not
specify the presence of the brane. The Einstein and conservation equations for the bulk background are derived. In
Section III we introduce the brane and we discuss the boundary conditions at the brane position for the unperturbed
spacetime without imposing Z2 symmetry. In Section IV we derive the background equations for an observer on the
brane. In Section V, we perturb the background. We introduce gauge invariant variables and derive the perturbed
Einstein and conservation equations in terms of these variables. The perturbed brane including the perturbation of
the brane position is discussed in Section VI. In Section VII we reformulate the perturbation theory from the point
of view of an observer confined to the brane, and in the last section we draw some conclusions.
Finally, we also provide an extensive and highly technical Appendix where we present all the relevant intermediate
steps required to obtain the results presented in the text. (Examples are, for instance, the perturbed Christoffel
symbols and the components of the perturbed Riemann and Weyl tensors.) The Appendix is, in fact, more general
than the main text since there we consider an N+1-dimensional brane (with an N -dimensional maximally symmetric
subspace) embedded in a N + 2-dimensional bulk: in the text we have set N = 3. Furthermore, whilst the text
presents the perturbation equations in full generality, some specific examples such as a bulk scalar field are discussed
briefly in the Appendix.
II. BULK BACKGROUND
In this section we describe the bulk background geometry and energy content without introducing a brane. We
assume that the space orthogonal to the fifth dimension is maximally symmetric so that a homogeneous and isotropic
brane can be accommodated, as discussed in the next section. We consider the most general stress-energy tensor
which satisfies these symmetry conditions, and then derive the Einstein equations and the conservation equations.
A. Metric and notation
We consider a 5-dimensional spacetime with one timelike coordinate x0 ≡ η, and four spacelike coordinates
{x1, x2, x3, x4}, where x4 ≡ y. We assume that the constant time hypersurfaces are locally of the form M× R,
where M is a 3-dimensional maximally symmetric space, i.e., a 3-space of constant curvature, parameterized by
the coordinates {x1, x2, x3}, with spatial metric a2(η, y)γij . The curvature of this space will be denoted by k. For
example, we may choose the coordinates {x1, x2, x3} such that
γij = δij +
kxixj
1− kδpqxpxq
, (2.1)
where δij is the Kronecker symbol. The last spacelike coordinate y (the “extra dimension”) is orthogonal to the
maximally symmetric space. The metric has the signature + − −− −. The line element of the metric can therefore
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FIG. 1: Structure of the Einstein equations and of the energy momentum conservation equations in the coordinate system (2.2),
where coordinates 0, i are also brane coordinates and 4 represents the direction orthogonal to the brane. In components, the
Einstein equations can be split into three parts: {µν}, {µ4}, and {44}, where µ, ν run on indices 0, i. These three parts possess
a continuous part (defined everywhere in the bulk) and a jump at the brane position. Part {µν} also exhibits a singular term
at the brane position. The role played by all these terms is shown in the above diagrams.
6be written as
ds2 = n2dη2 − a2γijdx
idxj − b2dy2. (2.2)
An overdot will denote derivation with respect to η, and a prime derivation with respect to y. In addition, we shall
define
∂u ≡
1
n
∂η, (2.3)
∂n ≡
1
b
∂y. (2.4)
Covariant derivatives with respect to the full metric will be denoted by Dα, and those with respect to γij by ∇i. For
convenience we also define
H ≡
1
n
a˙
a
, I ≡
1
n
n˙
n
, U ≡
1
n
b˙
b
, (2.5)
H ≡
1
b
a′
a
, I ≡
1
b
n′
n
, U ≡
1
b
b′
b
, (2.6)
as well as
∇2 ≡ ∇i∇
i , ∆ ≡
∇2
a2
, ∇ij ≡ ∇i∇j , K ≡
k
a2
. (2.7)
Notice that ∂u and ∂n do not commute since ∂u∂n − ∂n∂u = I∂u − U∂n.
B. Stress-energy tensor
We now consider the bulk stress-energy tensor Tαβ whose energy flux need not be at rest with respect to our (η, y)
coordinates. Let Uα be the normalized timelike eigenvector of T βα with eigenvalue ρ0. Correspondingly let N
α be the
normalized eigenvector orthogonal to both Uα and to the maximally symmetric 3-spaces, with eigenvalue Y0. Finally,
let P0 be the eigenvalue of the three eigenvectors parallel to the maximally symmetric 3-dimensional slices. Note that
any symmetric tensor can be decomposed in this way, and that the symmetry requires that the eigenvectors parallel
to the symmetric 3-spaces are degenerate. In terms of these variables, the bulk stress-energy tensor can be written as
Tαβ = (P0 + ρ0)UαUβ − (P0 − Y0)NαNβ − P0gαβ, (2.8)
where the vectors Uα and Nα are given by
Uα =
(
1
n
γ,0,
1
b
βγ
)
, UµU
µ = 1, (2.9)
Nα =
(
−
1
n
βγ,0,−
1
b
γ
)
, NµN
µ = −1. (2.10)
Here β represents the Lorentz boost which must be performed along the y axis in order to be in the fluid’s rest frame.
When one is not in the rest frame of the fluid, both its energy density and its pressure along the extra dimension are
modified, and the fluid exhibits a flux through an y = constant hypersurface. As usual, γ = 1/
√
1− β2.
Below it will be more convenient to use a different definition for the stress-energy tensor components — a definition
which is less adapted to the fluid, but better adapted to our coordinates. To derive it, let us denote by uα the
5-velocity of a bulk observer who is at rest with respect to our coordinate system,
uα =
(
1
n
,0, 0
)
, uµu
µ = 1, (2.11)
and by nα the spacelike unit vector orthogonal to both uα and M,
nα =
(
0,0,−
1
b
)
, nµn
µ = −1 , nµu
µ = 0. (2.12)
7Note that neither uα nor nα are geodesic vector fields, but their orthogonality and normalization is conserved. The
most general form of the bulk stress-energy tensor satisfying the required symmetry with respect to translations and
rotations in M can be written as
Tαβ = (P + ρ)uαuβ − (P − Y )nαnβ − Pgαβ − 2Fu(αnβ), (2.13)
where f(αgβ) ≡
1
2 (fαgβ + gαfβ) denotes symmetrization. In components this gives
T00 = n
2ρ, (2.14)
Tij = a
2Pγij , (2.15)
T04 = −nbF, (2.16)
T44 = b
2Y. (2.17)
Thus ρ = Tµνu
µuν is the bulk energy density as measured by an observer with 5-velocity uµ, F = Tµνu
µnν is the
energy flux transverse to M, and P , Y are the pressure along the directions xi, y, respectively. The new variables ρ,
Y , P and F are related to the old ones by
ρ = γ2(ρ0 + β
2Y0), (2.18)
Y = γ2(Y0 + β
2ρ0), (2.19)
P = P0, (2.20)
F = βγ2(ρ0 + Y0). (2.21)
The last relation again shows that F represents the energy flux in y direction. This flux, as well as the energy density
ρ and pressure Y along the y direction measured by an observer at rest with respect to the coordinate system, are
obtained from the components of the stress-energy tensor in a frame at rest with respect to the fluid simply by a
Lorentz transformation. Somewhat more complicated but equally straightforward expressions express the old variables
in terms of the new ones (see Appendix C2). Note that in (2.9) the bulk velocity of the fluid is β = nµU
µ/uνU
ν .
When β = 0, γ = 1, we recover the case in which Uα = uα and Nα = nα, so that the rest frame of the bulk matter
and the coordinate system coincide.
C. Einstein equations
The Christoffel symbols, the Riemann, Ricci, Einstein and Weyl tensors for the metric (2.2) are given in Appen-
dices B3, B4, B6, B7 and B8 respectively, and the background bulk Einstein equations are
Gαβ = κ5Tαβ. (2.22)
With the stress-energy tensor (2.13) and the Einstein tensor from Appendix B6, Eq. (2.22) becomes
3K + 3H (H + U)− 3 (∂n + 2H)H = κ5ρ {00} , (2.23)
−K − 3
(
H2 −H2
)
− (∂u + U) (U + 2H) + (∂n + I) (I + 2H) = κ5P {ij} , (2.24)
3 (∂uH +HH −HI) = κ5F {04} , (2.25)
− 3K − 3 (∂u + 2H)H+ 3 (H + I)H = κ5Y {44} , (2.26)
where we have indicated in braces on the right hand side from which component of the Einstein tensor these bulk
Einstein equations are derived. Equations (2.23,2.26) were first discussed in [12], and integrated with respect to the
fifth dimension in [13], for the case of a negative bulk cosmological constant, P = Y = −ρ = Λ.
The first and the third of these equations (2.23,2.25) are constraints (i.e., they do not involve second derivatives
with respect to time). The other two are dynamical equations. In fact, there are only two independent dynamical
variables which can be written as a combination of the scale factors n, a, and b. One can choose coordinates to remove
this ambiguity: for example, in Gaussian coordinates b = 1 as in [13], and in conformal coordinates b = n [19, 36].
Of course other choices of coordinates are also allowed. We shall, however, keep b undetermined, so that any useful
choice for b can be made at the end.
8D. Conservation equations
The Bianchi identities lead to the so-called conservation equations for the stress-energy tensor,
DµT
µα = 0. (2.27)
Only for α = 0 and α = 4 are there non-trivial relations,
∂uρ+ 3H(P + ρ) + U(Y + ρ) + (∂n + 3H + 2I)F = 0 {0} , (2.28)
(∂u + 3H+ 2U)F + ∂nY + 3H(Y − P ) + I(Y + ρ) = 0 {4} . (2.29)
These are the conservation equations for the energy density and the energy flux of the bulk components, respectively.
The generalisation to several components is straightforward (see Appendix C4). Written in term of the intrinsic fluid
quantities, they give an equation of evolution for the energy density ρ0 and for fluid bulk velocity β.
III. BULK BACKGROUND WITH A BRANE
We now consider a homogeneous and isotropic 3-brane orthogonal to y (lying in the space of maximal symmetry)
as a singular source, with intrinsic stress-energy tensor Tαβ .
A. Brane position, induced metric and first fundamental form
Let us choose the intrinsic brane coordinates (σ0, σi) = (η, xi), and embed the brane according to
X0 = η, (3.1)
X i = xi, (3.2)
X4 = yb = constant. (3.3)
Note that it is always possible to choose the background coordinate y such that the unperturbed brane is at rest: this
is the only coordinate choice made in this paper.
As we shall see, the presence of the brane will introduce discontinuities at y = yb in several variables. For that
reason, it is useful to decompose a given function f as
f = [f ]
(
θ(y − yb)−
1
2
)
+ 〈f〉 (y), (3.4)
where θ is the Heaviside function. This equation defines the continuous function 〈f〉 (y), whilst the discontinuity or
jump of f when going from one side to the other side of the brane is given by
[f ] = lim
ε→0+
(f(yb + ε)− f(yb − ε)) ≡ f
+ − f−. (3.5)
Notice that we have the two product relations
〈fg〉 = 〈f〉 〈g〉+
1
4
[f ] [g] , (3.6)
[fg] = 〈f〉 [g] + [f ] 〈g〉 . (3.7)
For later convenience, and when considering a continuous function 〈f〉, we will also define the continuous part and
the jump of its derivative by
〈∂n〉 〈f〉 ≡ 〈∂n 〈f〉〉 , (3.8)
[∂n] 〈f〉 ≡ [∂n 〈f〉] . (3.9)
Sometimes we shall also need
[
f
]
for variables f describing the embedding of the brane, and thus which may take
different values, f+, f−, on either side of the brane. The quantities
[
f
]
and
〈
f
〉
are defined by[
f
]
≡ f+ − f−, (3.10)〈
f
〉
≡ 12
(
f+ + f−
)
. (3.11)
9The normal unit vector to the brane, ⊥α, is given by
⊥µ
∂Xµ
∂σa
= 0 , ⊥µ⊥
µ = −1. (3.12)
One obtains (up to an overall sign)
⊥α =
(
0,0,−
1
b
)
. (3.13)
As we shall see, b can be discontinuous on the brane and ⊥α can have different values on either side of the brane.
From the induced metric one can define the first fundamental form [69] qαβ = gαβ + ⊥α⊥β , where gαβ is again
evaluated on (either side of) the brane, and we have qαµ⊥
µ = 0. On the brane, qαβ is related to χab(σ) by
qαβ(X) =
∂Xα
∂σa
∂Xβ
∂σb
χab(σ). (3.14)
We can decompose the stress-energy tensor on the brane, Tαβ(X), as
Tαβ = (P + ρ)uαuβ − Pqαβ, (3.15)
where uα is the 4-vector of the energy flux on the brane matter,
uα =
(
1
n
,0, 0
)
, uµu
µ = 1. (3.16)
Note that Tαµ⊥
µ = uµ⊥
µ = 0. This is the most generic stress-energy tensor compatible with a homogeneous and
isotropic brane.
B. Einstein equation
In the presence of the brane, the 5-dimensional Einstein equations become
Gαβ = κ5
(
Tαβ +DTαβ
)
, (3.17)
where, from Eqn (1.1), the “covariant Dirac function” D is
D =
√
|q|√
|g|
δ(y − yb). (3.18)
Here g and q are the determinants of the metric gαβ and first fundamental form qαβ respectively, evaluated at the
brane position. Written in components, the Einstein equations with the brane, Eq. (3.17), become
3K + 3H (H + U)− 3 (∂n + 2H)H = κ5
(
ρ+Dρ
)
{00} , (3.19)
−K − 3
(
H2 −H2
)
− (∂u + U) (U + 2H) + (∂n + I) (I + 2H) = κ5 (P +DP ) {ij} , (3.20)
3 (∂uH +HH −HI) = κ5F {04} , (3.21)
− 3K − 3 (∂u + 2H)H+ 3 (H + I)H = κ5Y {44} . (3.22)
A global solution to these equations has been derived in [12, 14] with the assumption of a pure negative cosmological
constant in the bulk, and using Gaussian coordinates. The right hand sides of Eqns (3.19,3.20) contain a singular
term proportional to D due to the presence of the brane. As we will see below, although the first fundamental form is
continuous on the brane, its first derivative with respect to the fifth dimension y (i.e., the terms H and I) may jump
and its second derivative (∂nH and ∂nI) can be singular. Thus the Einstein tensor contains a singular part which
must be matched with the singular part of the stress-energy tensor. We now turn to the problem of relating these
terms to the brane matter content.
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Forbidden Allowed
FIG. 2: Schematic illustration of the first Israel condition. We have embedded in a Minkowskian space a 2-dimensional spacelike
bulk of metric ds2 = a2dx2+ b2dy2. The brane is the thick horizontal line in the middle of both panels, and the grids represent
the metric coefficients so that the grid spacing is proportional to b and a along the vertical and the horizontal directions
respectively. In the left panel, [a] 6= 0, [b] = 0, in the right one, [b] 6= 0, [a] = 0. The first Israel condition states that when
considering a line of constant x, there must not be any discontinuity when crossing the brane: this is obviously not the case in
the left panel. On the contrary, nothing is said about how the spacing of the horizontal lines evolves across the brane. This
translates into the fact that b is allowed to be discontinuous (right panel).
C. Israel junction conditions
The extrinsic curvature formalism is a useful tool in the analysis of junction conditions on a singular surface [70].
The first Israel condition [65] imposes the continuity of the first fundamental form,[
qαβ
]
= 0. (3.23)
Hence qαβ is well-defined on the brane. Since we have q00 = n
2(X) and qij = −a
2(X)γij , this condition implies the
continuity of the scale factors n and a: [n] = [a] = 0 (see Figure 2). Note that the continuity of the metric function b
is not required by the junction conditions and will not be assumed in what follows1 (see also Appendix F).
Nevertheless, the first derivative with respect to y of a and n (which are proportional to I and H), are allowed to
jump. In order to study the behaviour of these quantities on the brane we consider the extrinsic curvature tensor (or
second fundamental form) with respect to the brane, namely
Kαβ = q
µ
(αDµ⊥β). (3.24)
For the background metric, the components of the extrinsic curvature are
K00 = −n
2I, (3.25)
Kij = a
2Hγij . (3.26)
Let us define the surface “stress tensor” Sαβ on the brane by
Sαβ = Tαβ −
1
3
Tqαβ . (3.27)
Then the second Israel condition [65] relates the jump in the extrinsic curvature with the energy content on the brane
and requires that
[Kαβ ] = −κ5Sαβ . (3.28)
1 Allowing b to be discontinuous makes the covariant Dirac function D ill-defined. This is not a serious problem, as all the terms involving
this function can be grouped together to give the second Israel condition. Therefore, we shall continue to use the notation D and suppose
that when b is not continuous, it corresponds to a regularized and mathematically consistent expression.
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Allowed
FIG. 3: Illustration of the second Israel condition. With the same conventions as in fig. 2, we show an example where [H ] 6= 0.
This is possible if the energy density on the brane is non zero (it is positive in this illustration).
(Note that the choice of the sign here is consistent with our choice for the sign of ⊥α in Eq. (3.13).) For our background
this condition can be written as (see Appendix D7)
[I] = κ5
(
2
3
ρ+ P
)
, (3.29)
[H ] = −κ5
1
3
ρ. (3.30)
(See also Figure 3.) Alternatively, Eqns (3.29,3.30) can be obtained directly from the singular part of the Einstein
equations (3.19,3.20).
D. Boundary conditions in the bulk
We now comment briefly on the question of boundary conditions at the brane. Consider first the bulk Einstein
equations (3.19–3.22). They form a system of second order partial differential equations in η and y, and in order to
solve them we must specify initial conditions on a spacelike Cauchy hypersurface, boundary conditions far from our
braneworld (at infinity in a one brane scenario, or on another brane), and boundary conditions at our brane. The
Israel junction conditions impose the continuity of a and n, and fix the jump in their normal derivatives at the brane.
Since the Einstein equations represent a set of second order partial differential equations, these junction conditions
are sufficient to allow us to solve the Einstein equations everywhere in the bulk.
We now turn to the Einstein equations on the brane.
IV. THE BRANE POINT OF VIEW
An observer on the brane will not see 4-dimensional Einstein gravity. This may, however, be recovered in particular
situations at low energy. The 4-dimensional Einstein tensor in general depends on bulk quantities and is quadratic in
the brane stress-energy tensor.
Here we discuss the 4-dimensional “Einstein equations” which lead to the modified Friedmann equations, and also
the conservation equation on the brane. Finally we interpret the deviation from the 4-dimensional theory in terms of
the 5-dimensional one.
A. Einstein gravity on the brane
Through the Gauss-Codacci equations, we can write the 4-dimensional Einstein tensor (4)Gαβ in terms of the bulk
stress-energy tensor Tαβ, the extrinsic curvature Kαβ and the projected Weyl tensor Eαβ . The details of the calculation
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can be found in [34], and the result is
(4)Gαβ =
2
3
(
Gµνq
µ
αq
ν
β −
(
Gµν⊥
µ⊥ν +
1
4
G
)
qαβ
)
−KKαβ +K
µ
αKµβ +
1
2
qαβ(K
2 − KµνKµν) + Eαβ . (4.1)
The projected Weyl tensor Eαβ on the brane is obtained from the bulk Weyl tensor Cαβγδ as follows
Cαβγδ = Rαβγδ +
2
3
(gα[δRγ]β + gβ[γRδ]α) +
1
6
Rgα[γgδ]β, (4.2)
Eαβ = Cαµβν⊥
µ⊥ν . (4.3)
Here f[αgβ] ≡
1
2 (fαgβ − gαfβ) denotes antisymmetrization. This projection represents the contribution of the free
gravity in the bulk to the gravity on the brane. In components, we have
E00 =
1
2
n2Z, (4.4)
E ij =
1
6
a2Zγij , (4.5)
Z = K + (∂u + U) (U −H)− (∂n + I) (I −H) . (4.6)
There is only one independent component in the Weyl tensor (as well as in its projection on the brane). This is
related to the fact that this spacetime is the 5-dimensional analog of a 4-dimensional type-D spacetime in Petrov’s
classification [68].
B. Friedmann equations on the brane
Since the tensor (4)Gαβ contains only derivatives of the continuous first fundamental form with respect to η and x
i,
it is continuous. Hence, on taking the continuous part of the right hand side of Eq. (4.1) (and applying the product
relation (3.6)), we find the projected 4-dimensional Einstein equation on the brane,
(4)Gαβ =
2
3
κ5
(
〈Tµν〉 q
µ
αq
ν
β −
(
〈Tµν⊥
µ⊥ν〉+
1
4
〈T 〉
)
qαβ
)
−〈K〉 〈Kαβ〉+ 〈K
µ
α〉 〈Kµβ〉+
1
2
qαβ(〈K〉
2
− 〈Kµν〉 〈Kµν〉)
+
1
4
(
− [K] [Kαβ ] + [K
µ
α] [Kµβ ] +
1
2
qαβ([K]
2
− [Kµν ] [Kµν ])
)
+
〈
Eαβ
〉
. (4.7)
The right hand side of equation (4.7) can be split into four parts. The first depends on the average of the bulk stress-
energy tensor, 〈Tαβ〉. The second is given by four terms quadratic in the average of the extrinsic curvature 〈Kαβ〉.
These terms are known once the bulk Einstein equations have been solved. They vanish when Z2 symmetry is assumed
— we return to this point below. Then there is a third part which contains four terms quadratic in the jump of the
extrinsic curvature [Kαβ ]. We have already determined these through the second junction condition (3.29,3.30), and
they are related to the brane stress-energy tensor: these terms will be responsible for the non-standard ρ2 contribution
in the brane Friedmann equations. Finally there is a fourth part, the average of the projected bulk Weyl tensor on
the brane, describing the effect from the free gravity in the bulk.
In components, we obtain the modified Friedmann equations which contain a dynamical equation and a constraint:
3
(
H2 +K
)
=
1
2
κ5 〈ρ+ P − Y 〉+
κ25
12
ρ2 + 3 〈H〉
2
+
1
2
〈Z〉 , (4.8)
− 2∂uH− 3H
2 −K =
1
6
κ5 〈ρ+ P + 3Y 〉+
κ25
12
(ρ+ 2P )ρ− 〈H〉 〈2I +H〉+
1
6
〈Z〉 , (4.9)
where we have isolated the continuous part of the projection of the bulk Weyl tensor,
〈Z〉 = K − ∂uH+ 〈(∂u + U −H)U〉 − 〈∂n + I〉 〈I −H〉 −
κ25
4
(
2
3
ρ+ P
)
(ρ+ P ). (4.10)
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(These equations could alternatively have been obtained from the continuous part of the Einstein equations,
Eqns (3.19–3.22).)
The cosmological consequences of these equations have been studied in [13, 15, 16, 17, 18] with assumption of Z2
symmetry, in which case 〈Kαβ〉 = 〈H〉 = 〈I〉 = 0. These authors considered a negative cosmological constant in the
bulk and assumed that the brane stress-energy tensor consists of a rigid part — the brane tension — and a fluid,
Tαβ = λqαβ + T
f
αβ . (4.11)
In this case the bulk stress-energy tensor can be tuned to the brane tension in such a way that deviations from
standard Friedmann equations are effective only at energies of order λ and higher.
If we assume F = 〈H〉 = Y˙ = 0, integrate the sum of Eq. (3.21) and (3.22) once with respect to time, and compare
the result with (4.8), one obtains an expression for the sum of the continuous part of the projected bulk Weyl tensor
and the continuous part of the bulk energy density and pressure: this behaves as a radiation term,
〈Z〉+ κ5 〈ρ+ P 〉 = C/a
4, (4.12)
where C is an integration constant (see Appendix E2). In [13, 15, 16, 17, 18] this is discussed for the case ρ+ P = 0
so that 〈Z〉 ∝ a−4.
Furthermore, notice that Eq. (4.11) is not a necessary requirement in order for the 5-dimensional Friedmann
equations on the brane to reduce to the standard 4-dimensional Friedmann equations at low energy. It suffices that
the brane stress-energy tensor is dominated by a term which is almost a cosmological constant today (i.e., it can be
a slow-rolling scalar field, see for example [25]). In this case, one has
ρ = ρ
φ
+ ρf , (4.13)
P = Pφ + P
f , (4.14)
ρ
φ
≃ −Pφ ≃ λ, (4.15)
where ρf , P f are the energy density and pressure of the ordinary matter content on the brane. Now, if in addition
|ρ+ P | ≪ |Y |, (4.16)
Y ≃ Λ, (4.17)
Λ ≃
1
6
κ5λ
2, (4.18)
the first two terms of the right hand side of the above Friedmann equations on the brane are proportional to κ4ρ
f ,
κ4P
f , with
κ4 =
1
6
κ25λ = κ5
Λ
λ
, (4.19)
and one re-obtains a term linear in the brane matter content. Note also that there are no extra λ2 appearing in the
projected Weyl tensor (4.10) since with these conditions P + ρ is λ-independent. This was also noted in Ref. [52].
C. Closing the system when Z2 symmetry is broken
When solving the Einstein equations on the brane (4.7), we need the continuous part of the extrinsic curvature
〈Kαβ〉. If Z2 symmetry is assumed — as motivated by M -theory — the evolution of the bulk is the same on both
the sides of the brane. In this case the Israel conditions determine Kαβ entirely: it is always possible to choose a
coordinate system in which n(yb + y) = n(yb − y) and a(yb + y) = a(yb − y), i.e., where n and a are even. Thus I
and H are odd and the continuous value of Kαβ across the brane vanishes,
〈Kαβ〉 = 0 (Z2 symmetry). (4.20)
This implies
〈I〉 = 〈H〉 = 0, (Z2 symmetry),
I+ = −I− = 12 [I] ,
H+ = −H− = 12 [H ] . (4.21)
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If Z2 symmetry is not assumed, as in this paper, the evolution on either side will in general be different and 〈Kαβ〉
no longer vanishes,
〈Kαβ〉 6= 0 (Z2 symmetry broken). (4.22)
One can, however, obtain a condition for the continuous part of the extrinsic curvature by considering the jump of
Eq. (4.1). We obtain
0 =
2
3
κ5
(
[Tµν ] q
µ
αq
ν
β −
(
[Tµν⊥
µ⊥ν ] +
1
4
[T ]
)
qαβ
)
− [K] 〈Kαβ〉+ [K
µ
α] 〈Kµβ〉+ qαβ([K] 〈K〉 − [K
µν ] 〈Kµν〉)
−〈K〉 [Kαβ ] + 〈K
µ
α〉 [Kµβ ] +
[
Eαβ
]
. (4.23)
(Notice that
[
(4)Gαβ
]
= 0.) This becomes, in components,
ρ 〈H〉 =
1
4
(
[P + ρ− Y ] +
1
κ5
[Z]
)
, (4.24)
(ρ+ 3P ) 〈H〉 − ρ 〈I〉 =
1
4
(
[P + ρ+ 3Y ] +
1
κ5
[Z]
)
, (4.25)
where, using Eq. (4.6) and the junction conditions (3.29) and (3.30), the jump of Z on the brane can be expressed as
[Z] = (∂u + 2 〈U〉 − H) [U ]− [∂n] 〈I −H〉 − κ5 〈I〉
(
2P +
5
3
ρ
)
+ κ5 〈H〉
(
P +
2
3
ρ
)
. (4.26)
(Note that Eqns (4.24,4.25) could alternatively have been obtained from the discontinuous part of the Einstein
equations (3.19–3.22).)
Equations (4.24,4.25) allow one to fix the unknown quantities 〈H〉, 〈I〉, provided the jumps of both the bulk matter
content and the Weyl tensor are known. Thus the continuous part of the extrinsic curvature depends not only on the
brane matter content but also on the discontinuity of the bulk stress-energy and the projected Weyl tensors. If both
vanish, Eqns (4.24,4.25) allow in particular the trivial solution 〈H〉 = 〈I〉 = 0, which holds with Z2 symmetry. The
jump of the Weyl tensor, Eq. (4.26), contains first derivatives of the extrinsic curvature with respect to y, and so it is
not possible in general to determine 〈I〉 and 〈H〉 without first solving the Einstein equations in the bulk. Nonetheless,
if the projection (4.26) of the 5-dimensional bulk Weyl tensor on the brane is known a priori (as in the case of a
Schwarzschild-Anti de Sitter bulk with a known black hole mass on both side of the brane), then 〈I〉 and 〈H〉 can be
determined directly from Eqns (4.24,4.25) (see [30, 31, 32] for a more detailed discussion).
D. Brane motion
On contracting Eq. (4.23) with the first fundamental form qαβ and using the second junction condition (3.28), one
obtains
Tµν 〈Kµν〉 = [⊥µ⊥νT
µν] . (4.27)
This equation is known as the “sail equation” [30, 31, 32]. The right hand side is an external force density on the
brane due to the asymmetry of the bulk stress-energy tensor on the two sides. In analogy with Newton’s second law
(here the force is due to a pressure difference between the two sides of the brane), Tαβ , 〈Kαβ〉, and [⊥µ⊥νT
µν] play
the role of mass, acceleration, and force, respectively. Notice from (4.20) that when Z2 symmetry is assumed, this
equation vanishes identically. When Z2 symmetry is broken, the “acceleration” 〈Kµν〉 is non-zero. In this paper we do
not assume Z2 symmetry, but recall that we have chosen a coordinate system in which the brane is at rest: Eq. (4.28)
must therefore be understood as dictating the condition that must be satisfied by 〈H〉 and 〈I〉 (and therefore by the
coordinate system itself) for the brane to remain at a fixed position yb. Later, however, we will see that Eq. (4.27)
does indeed give a more intuitive equation of motion for the perturbed brane position or brane displacement (see
Section VIF).
In components the sail equation leads to
− 〈I〉 ρ+ 3 〈H〉P = [Y ] , (4.28)
which can also be obtained by taking the discontinuous part of the {44} component of the Einstein equation, Eq. (3.22)
or, of course, by a linear combination of Eqns (4.24,4.25). This is the only combination of Equations (4.24,4.25) which
does not involve the Weyl tensor.
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E. Conservation equations
The singular part of the 5-dimensional energy conservation equation (2.28) yields the stress-energy conservation
equation on the brane: we find
∂uρ+ 3H(P + ρ) = − [F ] . (4.29)
(Again the generalisation to several interacting components may be found in Appendix D5.) Notice that the jump
in the bulk energy flux transverse to the brane enters in the conservation equation, meaning that the brane matter
content can act as a source or a sink to the energy flux along the fifth dimension. When this energy flux is continuous,
the conservation equation on the brane reduces to the usual one, as discussed in [34]. Another conservation equation
appears in brane cosmology: by considering the singular part of Eq. (2.29) we obtain again the sail equation (4.28).
Both equations were first found in [12] for the case a bulk cosmological constant.
V. BULK PERTURBATIONS
We now turn to perturbed quantities, and begin in this section by analysing the properties of the perturbed bulk:
the perturbed brane itself will be introduced in Section VI. We work throughout with gauge independent perturbation
variables, which are inspired from a generalisation of the Newtonian (or longitudinal) gauge to the 5-dimensional case.
First we introduce the bulk metric perturbation variables using the standard scalar, vector, tensor decomposition.
We study their gauge transformation properties and define gauge invariant combinations. Then, in Section VD, the
perturbations of the bulk stress-energy tensor are considered, leading, in Section VE, to the gauge invariant perturbed
bulk Einstein equations. Finally we write down the perturbed conservation equations (Bianchi identities).
A. Classification of the perturbations
Let us consider the perturbations of a spacetime with one timelike and n spacelike coordinates. The perturbed
metric of this spacetime possesses 12 (n+1)(n+2) different components. Amongst these, a coordinate transformation
allows n + 1 of them to be fixed, so that there are 12n(n + 1) independent metric coefficients. For example, in
synchronous gauge, the δg0α are set to zero.
When solving perturbation equations about a given spacetime, one is naturally led to classify perturbations. Two
classifications are of particular relevance. Firstly, the perturbations may be classified according to their physical
meaning, and this is done by looking at the spin of the perturbation in a locally Minkowskian frame. The different
perturbations are density (spin 0) modes, vorticity (spin 1) modes, and gravitational (spin 2) waves. Secondly, the
perturbations may be classified more geometrically in terms of irreducible components under the group of isometries
of the unperturbed spacetime. This leads to scalar, vector and tensor perturbations. Under some circumstances,
these two classifications are identical. In particular, this is true for a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
spacetime, which can be foliated by a set of maximally symmetric spacelike hypersurfaces. In brane cosmology,
however, the bulk is not as symmetric as in the FLRW case, and the two classifications are different.
Components which transform irreducibly under symmetries of the background spacetime evolve independently (to
linear order) while the physical spin components mix.
1. Physical splitting
As explained above, metric perturbations can be decomposed according to their spin with respect to a local rotation
of the coordinate system. This leads to density modes, vorticity modes, and gravitational waves. Gravitational (spin
2) waves are “true” degrees of freedom of the gravitational field in the sense that they can exist even in vacuum. The
number of gravitational wave modes is given by the dimension of the vector space spanned by symmetric, transverse,
traceless rank 2 tensors in an n-dimensional space: this is 12 (n − 2)(n + 1). In addition, when there is a non trivial
matter content, there may be vorticity (or spin 1) modes arising from rotational velocity fields, which have n − 1
independent components. Finally, there remain 12n(n+ 1)−
1
2 (n − 2)(n+ 1) − (n − 1) = 2 possible density (spin 0)
modes, which are usually represented by the two Bardeen potentials Φ and Ψ [60, 61].
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More schematically, let us consider the metric perturbation around a locally inertial frame, written in synchronous
gauge and in Fourier space considering the wave vector ki = kδi1 :
δgαβ =


0 0 0 0 . . . 0
0 2k2E − 2C ikV2 ikV3 . . . ikVn
0 ikV2 −2C +
n∑
i=3
h+i h
×
23 . . . h
×
2n
0 ikV3 h
×
23 −2C − h
+
3 h
×
3n
...
...
...
. . .
...
0 ikVn h
×
2n h
×
3n . . . −2C − h
+
n


. (5.1)
The quantities E and C describe the density modes (with the standard definition of the Bardeen potentials, one has
Φ = −C and Ψ = −∂2tE), the Vi (i = 2, . . . , n) represent the vorticity modes, and the h
+
i (i = 3, . . . , n) and h
×
jk
(2 ≤ j < k ≤ n) represent the gravitational waves (when n = 3, these notations agree with the standard definition of
the h+ and h× modes).
2. Geometrical splitting
The three above types of perturbation generally do not evolve independently: even at linear order, they are coupled
if the unperturbed spacetime does not possess any symmetries. However, for most cosmological models (including the
ones considered in this paper), spacetime possesses some symmetries, being invariant under a certain group of global
transformations. We consider the symmetry group SO(N) with N < n, which is of course relevant when there exists
a coordinate system in which N coordinates span a maximally symmetric space.
When this is the case, perturbations may be decomposed into components which transform irreducibly under
SO(N)-rotations of the coordinate system. This leads to what we call scalar, vector and tensor perturbations which are
perturbations whose spin with respect to SO(N) is 0, 1 and 2 respectively. The main advantage of this decomposition is
that the three new types of perturbation are now decoupled from each other, and hence are convenient when studying
the evolution of cosmological perturbations. For example, consider an n-dimensional space with N coordinates
(labelled by i, j, etc) spanning an N -dimensional, maximally symmetric sub-space, with metric γij , and associated
covariant derivative ∇i. The n − N remaining coordinates will be labelled by A, B, etc. In this case, the metric
perturbations can be decomposed as
δgij = −2Cγij − 2∇ijE − 2∇(iE¯j) − 2E¯ij , (5.2)
δgiA = ∇iE(A) + E¯(A)i, (5.3)
δgAB = E(AB), (5.4)
where barred quantities are divergenceless N -vectors, and double barred quantities are divergenceless, traceless N -
tensors of rank 2 (with respect to the covariant derivative ∇i and metric γij respectively). With our definitions, it
is clear that C, E, E(A), E(AB) are scalars, E¯i, E¯(A)i are vectors, and E¯ij are tensors under SO(N) rotations. The
perturbed metric components can then be written as
δgαβ =


0 0 0 0 . . . 0 0
0 2k2E − 2C −2ikE¯2 −2ikE¯3 . . . −2ikE¯N ikE(A)
0 −2ikE¯2 −2C +
N∑
i=3
h+i h
×
23 . . . h
×
2N E¯(A)2
0 ikE¯3 h
×
23 −2C − h
+
3 h
×
3N E¯(A)3
...
...
...
. . .
...
...
0 ikE¯N h
×
2N h
×
3N . . . −2C − h
+
N E¯(A)N
0 ikE(A) E¯(A)2 E¯(A)3 . . . E¯(A)N E(AB)


, (5.5)
with the h+k , h
×
lm describing E¯ij . Obviously, one has
• 2 + (n−N) + 12 (n−N)(n−N + 1) scalar degrees of freedom,
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• (N − 1)(n−N + 1) vector degrees of freedom and,
• 12 (N − 2)(N + 1) tensor degrees of freedom.
By definition, the tensor components are spin 2 quantities and represent gravitational waves. It is clear that when
N 6= n, not all the gravitational waves are tensor perturbations (with respect to SO(N)): 12 (n − N)(n + N − 1) of
them are actually scalar or vector perturbations. In fact, the spin of the second decomposition can be understood as
the projection of the spin of the first decomposition on the maximally symmetric space. Therefore, density modes are
always scalar perturbations, vorticity modes can be either scalar of vector perturbations, and gravitational waves can
be any of the three. By comparing Eqns (5.1) and (5.5), it is clear that:
• the 2 + (n − N) + 12 (n − N)(n − N + 1) scalars decompose as 2 density modes, n − N vorticity modes, and
1
2 (n−N)(n−N + 1) gravitational waves,
• the (N − 1)(n−N + 1) vectors represent (N − 1) vorticity modes and (N − 1)(n−N) gravitational waves,
• the 12 (N − 2)(N + 1) tensors all represent gravitational waves.
For our purpose (n = N + 1 = 4), this reduces to
• 4 scalar degrees of freedom which split into the 2 density modes, 1 vorticity mode, and 1 gravitational wave,
• 4 vector degrees of freedom which go into 2 vorticity modes and 2 gravitational waves,
• 2 tensor degrees of freedom which all represent gravitational waves.
As expected, we have 10 degrees of freedom 5 of which are gravitational waves. This decomposition ensures that even
in the vacuum, the scalar and vector parts of the Einstein equation will allow non trivial solutions. These are usually
called “graviscalars” and “graviphotons” [63, 64]. This effect represents the most striking change to the physics of
brane cosmological perturbations as compared to that of the standard FLRW case since it can occur at arbitrary low
energy as long as the corresponding gravitational waves exist in the bulk.
3. The brane point of view
The brane is, by definition, described by N +1 coordinates: one timelike and the N spacelike coordinates spanning
an N -dimensional maximally symmetric space. For the case of one codimension, we have N = n− 1. The perturbed
induced metric of the maximally symmetric space then has 12n(n−1) independent components. An important question
is how these perturbations can interact with the bulk perturbations. It is clear that whatever the bulk matter content,
there are at least 12 (n − 2)(n + 1) =
1
2n(n − 1) − 1 degrees of freedom which arise from the gravitational waves in
the bulk. Therefore, one can expect that 12 (n− 2)(n+ 1) of the brane perturbations can interact with the bulk. We
will see that this is indeed the case: the second Israel condition essentially states that the discontinuity of some bulk
perturbations which can exist even in the vacuum describe the matter content of the brane. But this also suggests that
one additional scalar degree of freedom of the brane is likely not to be directly related with the bulk perturbations.
It happens, indeed, that this extra degree of freedom physically corresponds to the perturbation of the brane position
in the bulk, which is independent of the gravitational waves. For example, if the bulk is pure Minkowski space, one
can consider a fixed coordinate system (as, e.g., Newtonian gauge, which is unambiguously fixed). The position of the
brane in this coordinate system is defined independently of the metric perturbations. This extra degree of freedom
ensures that in any situation all the brane perturbations can be related to bulk perturbations (see also the discussion
in Ref. [19]). One of the aims of this paper is to make the link between these two sets of perturbations.
B. Geometrical perturbation variables
We now make use of maximal symmetry on M. Due to rotational invariance, we can split the perturbations into
components which transform irreducibly under rotations, i.e., into different SO(3)-spin components, which evolve
independently to first order perturbation theory. One could then go on and split these into irreducible components
under translations, corresponding to the expansion in terms of eigenvectors of the Laplacian on M (which is the
Fourier transform in the case k = 0) [61]. Following the discussion of the last paragraph, the perturbed line element
can be generally written as
ds2 = n2(1 + 2A)dη2 + 2anBidηdx
i − a2(γij + hij)dx
idxj + 2nbB⊥dηdy + 2baE⊥idx
idy − b2(1− 2E⊥⊥)dy
2. (5.6)
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Here, the ⊥ indices of E⊥i, E⊥⊥ are labels. The quantities Bi and E⊥i are vectors on M which can be respectively
decomposed into scalar (spin 0) components B, E⊥, and divergenceless vector (spin 1) components B¯i, E¯(⊥)i, such
that γij∇iB¯j = γ
ij∇iE¯(⊥)j = 0. Equivalently, the tensor on M, hij , can be decomposed into two scalars, C and
E, a divergenceless vector, E¯i, and divergenceless, traceless, tensor (spin 2) component, E¯ij , such that γ
ij∇iE¯j =
γij∇iE¯ij = E¯
i
i = 0. This decomposition is
Bi = ∇iB + B¯i, (5.7)
E⊥i = ∇iE⊥ + E¯(⊥)i, (5.8)
hij = 2Cγij + 2Eij , (5.9)
Eij = ∇(iEj) + E¯ij , (5.10)
Ei = ∇iE + E¯i. (5.11)
The indices of these M-quantities are raised and lowered with the metric γij . The symmetries of the metric ensure
that the scalar (A, B, C, E, B⊥, E⊥, E⊥⊥), vector (B¯i, E¯i, E¯(⊥)i) and tensor (E¯ij) quantities evolve independently.
C. Gauge invariant metric perturbations
Let us consider an infinitesimal coordinate transformation
xα → xα + ξα, (5.12)
with
ξα = (T, Li, L⊥), (5.13)
Li = ∇iL+ L¯i. (5.14)
Under this coordinate change the geometrical perturbations transform in the following way:
A → A+ ∂u(nT ) + IbL
⊥, (5.15)
Bi → Bi −
a
n
L˙i +
n
a
∇iT, (5.16)
C → C +HnT +HbL⊥, (5.17)
Ei → Ei + Li, (5.18)
E¯ij → E¯ij , (5.19)
B⊥ → B⊥ −
b
n
L˙⊥ +
n
b
T ′, (5.20)
E⊥i → E⊥i −
a
b
L′i −
b
a
∇iL
⊥, (5.21)
E⊥⊥ → E⊥⊥ − UnT − ∂n(bL
⊥), (5.22)(
a
n
B +
a2
n2
E˙
)
→
(
a
n
B +
a2
n2
E˙
)
+ T, (5.23)(
a
b
E⊥ +
a2
b2
E′
)
→
(
a
b
E⊥ +
a2
b2
E′
)
− L⊥. (5.24)
(Recall that ˙ ≡ ∂/∂η and that ′ ≡ ∂/∂y. In this section we will use both this notation and the ∂u,n defined in
Eqns (2.3,2.4): we aim to do so in such a way as to keep the equations as simple as possible.) We can therefore define
the following four scalar and two vector perturbation variables, which are invariant under infinitesimal coordinate
transformations, also called gauge transformations in this context:
Ψ = A− ∂u
(
aB +
a2
n
E˙
)
+ I
(
aE⊥ +
a2
b
E′
)
, (5.25)
Φ = −C +H
(
aB +
a2
n
E˙
)
−H
(
aE⊥ +
a2
b
E′
)
, (5.26)
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Σ = B⊥ − n∂n
(
a
n
B +
a2
n2
E˙
)
− b∂u
(
a
b
E⊥ +
a2
b2
E′
)
, (5.27)
h = E⊥⊥ + U
(
aB +
a2
n
E˙
)
− ∂n
(
aE⊥ +
a2
b
E′
)
, (5.28)
Σ¯i = B¯i +
a
n
˙¯Ei, (5.29)
h¯i = E¯(⊥)i +
a
b
E¯′i. (5.30)
The two vector variables possess two independent components (hence four degrees of freedom). The tensor variable E¯ij
is gauge invariant since there are no tensor type gauge transformations, and possesses two independent components.
All these quantities represent a generalisation of the Newtonian gauge often used in FLRW cosmologies (we can no
longer call it a “longitudinal gauge”, as δg04 6= 0). It is completely fixed by setting
(
a
n
B + a
2
n2
E˙
)
, Ei,
(
a
b
E⊥ +
a2
b2
E′
)
to 0 and in this case one has
δg00 = 2n
2Ψ, (5.31)
δg0i = anΣ¯i, (5.32)
δgij = 2a
2(Φγij − E¯ij), (5.33)
δg04 = nbΣ, (5.34)
δgi4 = bah¯i, (5.35)
δg44 = 2b
2h. (5.36)
This gauge is perfectly well-suited for describing the bulk perturbation without a brane. In the presence of a brane,
however, things are more complicated since some of these quantities involve first or second derivatives with respect to
the fifth dimension, and hence they are not always regular at the brane position (see Section VIC). For this reason,
other gauge choices are often preferred, but not essential2.
D. Perturbed stress-energy tensor
We now perturb the unit vectors Uα and Nα, defined in Eqns (2.8–2.10), which are the timelike and spacelike eigen-
vectors normal to the maximally symmetric 3-spaces. It follows from the normalization conditions, Eqns (2.9,2.10),
that each vector has only four independent components. Furthermore, as Uα and Nα are eigenvectors of a symmet-
ric tensor, they are normal to each other, NµU
µ = 0. Hence at perturbed order there are only seven independent
components which we denote by vi0, f
i
0, w. They are defined by
δUα =
(
1
n
γ(βw −A− βB⊥),
1
a
vi0,
1
b
γ(w + βE⊥⊥)
)
, (5.37)
δNα =
(
1
n
γ(−w + βA+B⊥),
1
a
f i0,−
1
b
γ(βw + E⊥⊥)
)
. (5.38)
Neglecting the metric perturbations, the quantity w represents the perturbation of the Lorentz boost β,
w =
δγ
βγ
=
δ(βγ)
γ
= γ2δβ. (5.39)
As usual, we will decompose vi0, f
i
0, into scalar and vector components,
v0i = ∇iv0 + v¯
0
i , (5.40)
f0i = ∇if0 + f¯
0
i . (5.41)
2 In any case, there is no particular reason why the brane and bulk metric perturbations should be the same as the brane perturbation
depends explicitly on the brane position, which is not a quantity that can be defined everywhere in the bulk.
20
Finally, in order to write down the stress-energy tensor, it is also useful to introduce the variables
vi = γ(vi0 + βf
i
0), (5.42)
f i = γ(f i0 + βv
i
0), (5.43)
which have a decomposition into scalar and vector components similar to (5.40,5.41). With these definitions, general
perturbations of the bulk stress-energy tensor, δTαβ , are
δT00 = n
2 (δρ+ 2ρA) , (5.44)
δT0i = −an ((ρ+ P )vi − ρBi − F (fi + E⊥i)) , (5.45)
δT04 = −nb (δF + F (A− E⊥⊥)− ρB⊥) , (5.46)
δTij = a
2 (δPγij +Πij + 2P (Cγij + Eij)) , (5.47)
δTi4 = ba ((P − Y )fi + F (vi −Bi)− Y E⊥i) , (5.48)
δT44 = b
2 (δY − 2Y E⊥⊥ − 2FB⊥) . (5.49)
Here we have defined, according to (2.18–2.21,5.39):
δρ = γ2(δρ0 + β
2δY0) + 2Fw, (5.50)
δY = γ2(δY0 + β
2δρ0) + 2Fw, (5.51)
δP = δP0, (5.52)
δF = βγ2(δρ0 + δY0) + (ρ+ Y )w, (5.53)
and we have introduced the anisotropic stress tensor Πij , which again may be decomposed into a scalar, (divergence-
less) vector, and (divergenceless, traceless) tensor components according to
Πij =
(
∇ij −
1
3
∇2γij
)
Π+∇(iΠ¯j) + Π¯ij . (5.54)
On investigation of the behaviour of these variables under the infinitesimal coordinate transformations (5.12) (see
Appendix G), we find the following scalar gauge invariant variables
v♯ = v +
a
n
E˙, (5.55)
v¯♯i = v¯i +
a
n
˙¯Ei, (5.56)
f ♯ = f −
a
b
E′, (5.57)
f¯ ♯i = f¯i −
a
b
E¯′i, (5.58)
w♯ = w −
γ˙
βγ
(
a
n
B +
a2
n2
E˙
)
+
γ′
βγ
(
a
b
E⊥ +
a2
b2
E′
)
−
b
n
∂η
(
a
b
E⊥ +
a2
b2
E′
)
, (5.59)
δX♯0 = δX0 − X˙0
(
a
n
B +
a2
n2
E˙
)
+X ′0
(
a
b
E⊥ +
a2
b2
E′
)
, (5.60)
where X0 is any scalar quantity (density ρ0, pressure P0, etc). The anisotropic stress tensor Πij is gauge invariant by
itself due to the Stewart-Walker lemma [62]. Notice that ρ, Y , F and w are not scalars (since they depend explicitly
on the choice of the coordinate system via the vector fields uα and nα), but we can, however, define the following
gauge invariant variables,
δρ♯ = γ2(δρ♯0 + β
2δY ♯0 ) + 2Fw
♯, (5.61)
δY ♯ = γ2(δY ♯0 + β
2δρ♯0) + 2Fw
♯, (5.62)
δP ♯ = δP ♯0 , (5.63)
δF ♯ = βγ2(δρ♯0 + δY
♯
0 ) + (ρ+ Y )w
♯. (5.64)
As an example, the perturbed stress-energy tensor for a scalar field is given in Appendix G5.
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E. The perturbed Einstein equations
The explicit forms of the perturbed Christoffel symbols, the perturbed Riemann, Ricci and Einstein tensors are all
given in Appendices F4, F5, F8, F7, where they are expressed in terms of the gauge invariant variables introduced
above. We now write down the full perturbed bulk Einstein equations also in terms of gauge invariant variables. They
split into seven scalar, three vector (each with two independent components), and one tensor (with two independent
components) equations, adding up to the required 15 components of a symmetric 5 × 5 tensor. These equations
are given below, where we indicate on the right hand side of each equation from which component of the Einstein
equations they were derived and, when necessary, the term to which they are proportional. The seven scalar equations
are
∆(2Φ + h) + 6KΦ
−3
(
2H2 + 2HU
)
Ψ− 3H∂uh− 3 (2H+ U) ∂uΦ
−3(H∂n + 4H
2)h− 6h∂nH
+3(∂n + 4H)∂nΦ
+3 (∂n + 3H + I) (HΣ) = κ5
(
δρ♯ − FΣ
)
{00} , (5.65)
1
2
(∂n +H + 2I)Σ
−(U + 2H)Ψ− (∂u + U −H)h− 2∂uΦ = κ5
(
(P + ρ)av♯ − Faf ♯
)
{0i} , (5.66)
− 2KΦ
+2
(
(U + 2H)(∂u + U) + 3H
2
)
Ψ+ 2Ψ∂u(U + 2H)
+2
(
(I + 2H)(∂n + I) + 3H
2
)
h+ 2h∂n(I + 2H)
+(∂u + U)∂u(h+ 2Φ)
−(U + 2H)∂u(Ψ − h− 3Φ)
+(∂n + I)∂n(Ψ− 2Φ)
+(I + 2H)∂n(Ψ − h− 3Φ)
− 12 (∂n∂u + ∂u∂n + I∂u + U∂n)Σ
− ((U + 2H)∂n + (I + 2H)∂u)Σ
−Σ ((∂n + I)(U + 2H) + (∂u + U)(I + 2H))
−3 (U∂u − I∂n)Φ− 6HHΣ = κ5
(
δP ♯ + 23∆Π
)
{ij}∝ γij , (5.67)
Φ−Ψ+ h = κ5a
2Π {ij}∝ ∇ij , (5.68)
− 3 ((∂u∂n + (H − I)∂u +H∂n)Φ +H∂nΨ−H∂uh)
−3Σ∂uH−
(
1
2
∆ + 3(H2 −HU)
)
Σ = κ5
(
δF ♯ + F (Ψ− h)
)
{04} , (5.69)
1
2
(∂u +H + 2U)Σ
−(∂n + I −H)Ψ− (2H + I)h+ 2∂nΦ = κ5
(
Fav♯ + (P − Y )af ♯
)
{i4} , (5.70)
−∆(2Φ−Ψ)− 6KΦ
+3H (∂u + 4H)Ψ + 6Ψ∂uH
+3 (∂u + 4H)∂uΦ
+3 (H∂n)Ψ + 3
(
2H2 + 2HI
)
h− 3 (2H∂n + I∂n)Φ
−3 (∂u + 3H+ U) (HΣ) = κ5
(
δY ♯ − FΣ
)
{44} . (5.71)
The three vector equations are:
−
1
2
(∆ + 2K)Σ¯i
−
1
2
(∂n + 4H)
(
(∂n + I −H)Σ¯i
)
+
1
2
(∂n + 4H)
(
(∂u + U −H)h¯i
)
= κ5
(
(P + ρ)(v¯♯i − Σ¯i)− F (f¯
♯
i + h¯i)
)
{0i} , (5.72)
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(∂u + 2H+ U) Σ¯i − (∂n + 2H + I) h¯i = κ5aΠ¯i {ij} , (5.73)
1
2
(∆ + 2K)h¯i
+
1
2
(∂u + 4H)
(
(∂n + I −H)Σ¯i
)
−
1
2
(∂u + 4H)
(
(∂u + U −H)h¯i
)
= κ5
(
F (v¯♯i − Σ¯i) + (P − Y )(f¯
♯
i + h¯i)
)
{i4} , (5.74)
and the tensor equation is
− (∆− 2K)E¯ij + (∂u + 3H+ U) ∂uE¯ij − (∂n + 3H + I) ∂nE¯ij = κ5Π¯ij {ij} . (5.75)
As a small aside, it is interesting to check our analysis of Section VA. We shall take for simplicity an empty,
Minkowski bulk, so that the terms proportional to K, H, U , H and I vanish. Then the above equations reduce to
∆(h+ 2Φ) = −3∂2nΦ, (5.76)
∆(Ψ− 2Φ) = −3∂2uΦ, (5.77)
∆Σ = −6∂u∂nΦ, (5.78)(
∂2u − ∂
2
n −∆
)
Φ = 0, (5.79)
∂nh¯i = ∂uΣ¯i, (5.80)(
∂2u − ∂
2
n −∆
)
Σ¯i = 0, (5.81)(
∂2u − ∂
2
n −∆
)
E¯ij = 0. (5.82)
In the vacuum, in addition to the usual two tensor modes, there are one scalar and two vector degrees of freedom
which satisfy wave equations and represent the graviscalar and graviphoton (for a total of five gravitons, as expected).
The remaining degrees of freedom can only exist if matter is present. They describe either density or vorticity modes.
F. Perturbed conservation equations
We now compute the perturbed energy momentum conservation equations. Even though they do not contain new
information, they can provide useful evolution equations for the matter content of the bulk. Here we write them
down just for the total bulk matter. The generalisation to several components is straightforward and is given in
Appendix I3. Written in terms of gauge invariant variables there are three scalar conservation equations,
(∂u + 3H+ 2U)(δρ
♯ − FΣ) + 3HδP ♯ + U(δY ♯ − δρ♯)
+(∂n + 3H + 2I)
(
δF ♯ + F (Ψ + h)
)
+∆
(
(P + ρ)av♯ − Faf ♯
)
−3(P + ρ)∂uΦ− (ρ+ Y )∂uh− F∂uΣ+ F∂n(Ψ − h− 3Φ) = 0 {0} , (5.83)
(∂u + 3H+ U)
(
(P + ρ)av♯ − Faf ♯
)
+(∂n + 3H + I)
(
Fav♯ + (P − Y )af ♯
)
+δP ♯ +
2
3
(∆ + 3K)a2Π+ (P + ρ)Ψ + (Y − P )h+ FΣ = 0 {i} , (5.84)
(∂u + 3H+ 2U)
(
δF ♯ − F (Ψ + h)− (ρ+ Y )Σ
)
+(∂n + 3H + 2I)(δY
♯ − FΣ)− 3HδP ♯ − I(δY ♯ − δρ♯)
+∆
(
Fav♯ + (P − Y )af ♯
)
+F∂u(Ψ− h− 3Φ) + 3(P − Y )∂nΦ + (ρ+ Y )∂nΨ+ F∂nΣ = 0 {4} , (5.85)
and one vector conservation equation,
(∂u + 4H+ U)
(
(P + ρ)(v¯♯i − Σ¯i)− F (f¯
♯
i + h¯i)
)
+(∂n + 4H + I)
(
F (v¯♯i − Σ¯i) + (P − Y )(f¯
♯
i + h¯i)
)
+
1
2
(∆ + 2K)aΠ¯i = 0 {i} . (5.86)
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Finally, in order to close the system, we must specify an equation of state for δP ♯, δY ♯, f ♯i and Πij , as functions
either of δρ♯ or of some other non dynamical variables (such as the entropy). For example, all these quantities vanish
for a bulk containing non relativistic matter. For a scalar field, most of them are also set to zero, as is discussed in
Appendix G5. We can interpret the three scalar equations (5.83–5.85) as the conservation equations for δρ♯, v♯, and
δF ♯.
Notice that with these Bianchi or conservation equations, three scalar and one vector Einstein equations are redun-
dant and can be dropped. Formally, the seven scalar Einstein equations can be split into four dynamical equations for
the four scalar metric perturbations Φ, Ψ, Σ and h, and three constraint equations. It happens, however, that with
our choice of variables, the splitting is not completely straightforward. For example, the {0α} Einstein equations are
the constraint equations for the metric components gij , gi4, g44, the rest being the evolution equations. However, in
terms of our gauge invariant variables, Eq. (5.68) is obviously a constraint equation. This is because Ψ involves first
and second time derivatives of the metric perturbation E. Equivalently, the three vector Einstein equations can be
split into one constraint equation and two dynamical equations for the variables Σ¯i and h¯i.
VI. BULK PERTURBATION WITH A BRANE
In the previous section we have considered the most general perturbed 5-dimensional bulk spacetime for which there
is a perturbed maximally symmetric space orthogonal to the fifth direction. We have seen that its dynamics can be
described in terms of four geometrical scalar perturbation variables governed by four evolution equations and three
constraints, two geometrical vector perturbation variables governed by two evolution equations and a constraint, and
one geometrical tensor variable governed by one tensor evolution equation. In this section we add a brane to this
system — that is we assume, as was the case for the background, that the bulk contains a perturbed homogeneous
and isotropic brane as a singular source. This will introduce one new geometrical degree of freedom, the brane
displacement, whose dynamics has to be considered in order to fully describe the perturbations on the brane.
A. Brane position and its displacement
The perturbed brane embedding is given by
X0 = σ0 + ζ0(σa), (6.1)
X i = σi + ζi(σa), (6.2)
X4 = yb + ǫ(σ
a). (6.3)
Here ǫ is the displacement of the brane from its background position X4 = yb, and it is a function on the brane
worldsheet. It is a true new degree of freedom which sometimes also called “radion” [19, 59]. On the contrary, as we
will soon see, the perturbations in the X0 and X i directions can be set to zero without loss of generality, as they do
not lead to any physical consequences (e.g., to a physical “deformation” of the brane) [19] .
It was first noticed in [22] that, when studying brane perturbations of a Randall-Sundrum background (of Ref. [11]),
using the transverse and traceless gauge in Gaussian normal coordinates, the brane position is no more at constant
y in presence of matter sources. The presence of an ǫ 6= 0 can be interpreted as a bending of the brane due to the
presence of matter or gravitational waves. The bending ǫ can in principle be set to zero by choosing a convenient
set of bulk coordinates such that y = yb, since by the infinitesimal coordinate transformation defined in the previous
section, Eq. (5.13), one has
ǫ→ ǫ− L⊥. (6.4)
This is not, however, the most general possibility. As was noted in [36, 53], such a gauge choice will also fix the
gauge of some other perturbation variables. In fact, if we choose L⊥ such that ǫ is zero,
(
a
b
E⊥ +
a2
b2
E′
)
is fixed (see
Eq. (5.24)). In a gauge invariant approach one must keep ǫ arbitrary.
We now can define the perturbed vector orthogonal to the brane, ⊥α+δ ⊥α. One easily obtains (See Appendix H2)
δ ⊥α = (−bǫ˙,−b∇iǫ,−bE⊥⊥) . (6.5)
Note that no vector perturbations enter in the above formula. This is just a consequence of Frobenius theorem [66].
Also, the fact that the perturbations ζa do not enter in the above expression illustrates that they do not correspond
to any physical deformation of the brane (see further comments below).
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B. Induced metric and first fundamental form
In this subsection we calculate the perturbed first fundamental form which will be used in the perturbed first Israel
junction condition in the following subsections.
We shall first look at the perturbation of the induced metric χab(σ
a). In doing so, it is important to recall that the
brane embedding in the unperturbed and perturbed bulks (respectively given by (3.1–3.3), (6.1–6.3)) are different.
Therefore, each brane variable has two contribution to its perturbation: one coming from the perturbation of the
variable and a second contribution due to the fact that we have to evaluate it at the perturbed brane position. We
obtain
δχ00(σ
a) = 2n2
(
A+ ζ˙0 + Inζ0 + Ibǫ
)
, (6.6)
δχ0i(σ
a) = an
(
Bi −
a
n
ζ˙i +
n
a
∇iζ
0
)
, (6.7)
δχij(σ
a) = −2a2
((
C +Hnζ0 +Hbǫ
)
γij + Eij +∇(iζj)
)
, (6.8)
where, to first order in perturbation theory, the right hand side of these equations are evaluated at xα = Xα
(corresponding to the unperturbed embedding). As usual, we can decompose the perturbation ζi into its scalar and
vector parts using the metric γij evaluated at the unperturbed brane position: ζi = ∇iζ + ζ¯i. This is possible since,
for perturbations, the time derivative ∂η and spatial derivatives ∂i are equivalent to derivation with respect to σ
0 and
σi respectively.
A word of caution is in order here. Recall that the quantities A, C, I, H , etc., are defined in the bulk. However, due
to the presence of the brane, they may be (and in fact, are — see below) discontinuous at the brane position. For this
reason, they may only be evaluated on each side of the brane. Therefore we must check that the above expressions
are consistent in the sense that they have the same value when evaluated on both sides of the brane — only if that
is the case, they can be considered well defined on the brane. As we shall soon see, this consistency in fact results
from the first Israel condition. Anticipating this result, the above equations allow us to define in the standard way
the brane perturbations A, Bi, etc.,
A ≡ A+ ζ˙0 + Inζ0 + Ibǫ, (6.9)
B ≡ B −
a
n
ζ˙ +
n
a
ζ0, (6.10)
B¯i ≡ B¯i −
a
n
˙¯ζi, (6.11)
C ≡ C +Hnζ0 +Hbǫ, (6.12)
E ≡ E + ζ, (6.13)
E¯i ≡ E¯i + ζ¯i, (6.14)
E¯ij ≡ E¯ij . (6.15)
Using the standard 4-dimensional perturbation theory, we construct the two Bardeen potentials, as well as the brane
vector and tensor metric perturbations,
Ψ ≡ A− ∂u
(
aB +
a2
n
E˙
)
= Ψ+ I
(
bǫ−
(
aE⊥ +
a2
b
E′
))
, (6.16)
Φ ≡ −C +H
(
aB +
a2
n
E˙
)
= Φ−H
(
bǫ−
(
aE⊥ +
a2
b
E′
))
, (6.17)
Σ¯i ≡ B¯i +
a
n
˙¯Ei = Σ¯i, (6.18)
E¯ij ≡ E¯ij . (6.19)
(The two first equations are equivalent to Eqns (5.21) of Ref. [45].) Finally, using Eq. (3.14), the perturbed first
fundamental form is
δq00 = 2n
2(A+ Ibǫ), (6.20)
δq0i = anBi, (6.21)
δqij = −2a
2(C +Hbǫ)γij − 2a
2Eij , (6.22)
25
δq04 = −nb
(
B⊥ −
b
n
ǫ˙
)
, (6.23)
δqi4 = ba
(
E⊥i −
b
a
∇iǫ
)
, (6.24)
δq44 = 0. (6.25)
Notice that the ζi do not appear in equations (6.16–6.25): this is again related to the fact that they do not represent
physical degrees of freedom. These above expressions can also be obtained by starting from the definition
qαβ = gαβ +⊥α⊥β , (6.26)
paying attention that in the perturbed and unperturbed cases, the bulk metric is not evaluated at the same position
(y = yb + ǫ and y = yb respectively) [19].
C. First Israel condition for the standard 4-dimensional perturbation variables
Using Eqns (5.15–5.24,6.4), the coordinate transformations of the following variables are obviously continuous as
they do not involve derivatives with respect to y:
A+ Ibǫ → A+ Ibǫ+ ∂u(nT ), (6.27)
Bi → Bi −
a
n
L˙i +
n
a
∇iT, (6.28)
C +Hbǫ → C +Hbǫ+HnT, (6.29)
Ei → Ei + Li, (6.30)
E¯ij → E¯ij , (6.31)(
a
n
B +
a2
n2
E˙
)
→
(
a
n
B +
a2
n2
E˙
)
+ T. (6.32)
Given the first fundamental form (6.20–6.25), the first Israel conditions imply that these quantities, which are linear
combinations of the components (6.20) to (6.23) of the perturbed first fundamental form δqαβ , are continuous,
[A] + [Ib] ǫ = 0, (6.33)
[Bi] = 0, (6.34)
[C] + [Hb] ǫ = 0, (6.35)
[Ei] = 0, (6.36)[
E¯ij
]
= 0, (6.37)[(
a
n
B +
a2
n2
E˙
)]
= 0, (6.38)
or, equivalently
[Ψ] = −
[
Ibǫ− I
(
aE⊥ +
a2
b
E′
)]
, (6.39)
[Φ] =
[
Hbǫ−H
(
aE⊥ +
a2
b
E′
)]
, (6.40)[
Σ¯i
]
= 0, (6.41)[
E¯ij
]
= 0. (6.42)
Hence tensor perturbations are continuous and only the two scalar quantities Σ, h and the vector quantity h¯i may
jump. The first two equations are equivalent to
[Φ] = [Ψ] = 0, (6.43)
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which ensures that the brane Bardeen potentials Φ and Ψ are well defined. We also see that the bulk vector and
tensor perturbation Σ¯i and E¯ij may be defined on the brane where they reduce to the standard vector and tensor
metric perturbations of a 4-dimensional spacetime with maximally symmetric spacelike hypersurfaces. Equivalently,
the corresponding first fundamental form can be rewritten as
δq00 = 2n
2Ψ+ (q˙
00
+ 2q
00
∂η)
(
a
n
B +
a2
n2
E˙
)
, (6.44)
δq0i = −
n
a
qijΣ¯
j + q00∇i
(
a
n
B +
a2
n2
E˙
)
+ q
ij
E˙j , (6.45)
δqij = 2qk(i
(
Ekj) − δ
k
j)Φ
)
, (6.46)
which indeed reduce to 2n2Ψ, −n
a
qijΣ¯
j and 2a2(Φγij−E¯ij), in longitudinal gauge (B = E = 0) for scalar perturbations
and in the gauge E¯i = 0 for vector perturbations.
D. Regularity conditions for coordinate transformations and non-standard 4-dimensional perturbation
variables
So far we have given the relationship between the intrinsic brane metric perturbations, the brane displacement ǫ,
and some of the bulk metric perturbations. Things become a little bit more involved when we consider the other bulk
metric perturbations that appear in δgα4.
As we already noticed, the first Israel condition does not constrain E⊥⊥ (see Eq. (6.25)). Nevertheless, since the
transformation law for E⊥⊥ can be written as
E⊥⊥ → E⊥⊥ − UnT − ∂n(bL
⊥), (6.47)
and since all the metric coefficients must remain finite, it follows that
[
bL⊥
]
= 0 (see also Appendix F) . Furthermore,
as the coordinate transformation xα → xα+ξα must be invertible, we also require
[
L⊥
]
= 0. Thus if b is not continuous,
then L⊥(yb) = 0:
[b] 6= 0 ⇒ L⊥(y = yb) = 0. (6.48)
This is the only additional requirement that one must impose on the coordinate system in the vicinity of the brane.
Note that if Z2 symmetry is assumed, L
⊥(y) = 0 must be imposed even though b is continuous [36].
As mentioned in Section III C, the only place where discontinuities or singularities are allowed is the brane position.
When ǫ = 0, the brane is at y = yb. However, if the brane position is perturbed, ǫ 6= 0, the above requirement implies
[b] ǫ = 0, (6.49)
and hence b is not allowed to jump if the brane position is perturbed. If the unperturbed metric has a zeroth order
discontinuity in the coefficient b, the brane position must remain at ǫ = 0 to first order perturbation theory (see
Figure 4). This statement is in fact valid even in the absence of metric perturbations (see Appendix F).
Let us now consider the coordinate transformations of the variables δq04 and δqi4 given in Eqns (6.23,6.24),
bB⊥ −
b2
n
ǫ˙ → bB⊥ −
b2
n
ǫ˙+ nT ′, (6.50)
bE⊥i −
b2
a
∇iǫ → bE⊥i −
b2
a
∇iǫ− aL
′
i. (6.51)
The first Israel condition also states that
[bB⊥]−
[
b2
n
]
ǫ˙ = [bB⊥] = 0, (6.52)
[bE⊥i]−
[
b2
a
]
∇iǫ = [bE⊥i] = 0. (6.53)
Therefore, in order for the transformations (6.50,6.51) to be continuous we have to imply that a valid coordinate
change satisfies
[T ′] = 0, (6.54)[
Li′
]
= 0. (6.55)
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Allowed Forbidden
FIG. 4: Illustration of the constraints on the brane position ǫ implied by the unperturbed “scale factor” b. When [b] = 0 at
zeroth order, then the brane position ǫ can be non zero at first order (left panel). On the contrary, if [b] 6= 0 at zeroth order,
then the brane position must be zero at first order, in order the perturbation theory to be valid, so that right panel represents
a forbidden situation. This is due to the fact that in the situation of the right panel, an infinitesimal, first order coordinate
change could change by a large (zeroth order) amount some perturbed metric coefficients in the vicinity of the brane. (Here
we have represented a situation corresponding to an unperturbed bulk, but of course it also holds when it is perturbed. In fact
the perturbation of the brane position necessarily induces some metric perturbations in the bulk.)
These conditions ensure that T and Li admit second derivatives. This standard requirement for any valid coordinate
transformation is therefore preserved even in the presence of a brane. In particular (see Eqns 5.23,5.18)), this means
that if
(
a
n
B + a
2
n2
E˙
)′
or Ei′ are discontinuous (which is allowed), then
(
a
n
B + a
2
n2
E˙
)
and Ei cannot be transformed
identically to zero by coordinate changes. This does not prevent the quantities Φ, Ψ, Σ, h from being well defined.
However, it does mean that there may not be a coordinate system in which Eqns (5.31–5.36) are valid (which we
never needed to suppose).
The first Israel condition does not require the continuity of Σ and h¯i, see Eqns (6.89,6.97) below. Finally, from(
aE⊥ +
a2
b
E′
)
→
(
aE⊥ +
a2
b
E′
)
− bL⊥, (6.56)
and using the fact that
[
bL⊥
]
= 0, the jump [(
aE⊥ +
a2
b
E′
)]
≡ Ξ (6.57)
is gauge invariant. Therefore the gauge invariant quantity h given in Eqn (5.28) may contain a singular part,
h = E⊥⊥ + U
(
aB +
a2
n
E˙
)
− ∂n
〈(
aE⊥ +
a2
b
E′
)〉
−DΞ, (6.58)
which again shows that h cannot always be a component of the perturbed metric tensor in the vicinity of the brane.
Of course, this does not invalidate the results found previously, but simply suggests that other variables may be more
suitable to describe the metric perturbations in the vicinity of the brane.
After these remarks on the regularity requirements of gauge transformations in a bulk-brane system, we can now
define some further gauge invariant scalar variables in terms of which we will express the second Israel condition.
They will also be used to write the Einstein equations for an observer on the brane when we want to compare our
results with the usual 4-dimensional cosmological perturbation theory.
Let us first define the gauge invariant combination
ǫ♯ ≡ ǫ−
(
a
b
E⊥ +
a2
b2
E′
)
. (6.59)
Since
(
a
b
E⊥ +
a2
b2
E′
)
can be discontinuous, ǫ♯ is defined on each side of the brane. Note that we have[
bǫ♯
]
= −Ξ. (6.60)
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Furthermore, we set 〈
bǫ♯
〉
≡ Υ. (6.61)
When b is continuous, Υ/b can be interpreted as the “gauge invariant brane position” — that is, the position of the
brane unambiguously defined when
〈(
a
b
E⊥ +
a2
b2
E′
)〉
is set to zero by a suitable coordinate change (which always
exists if b is continuous).
In principle, derivatives normal to the brane are not defined for brane variables. But in what follows we will also
use ∂n(bǫ
♯) which we simply define as
∂n(bǫ
♯) ≡ Uǫ− ∂n
(
aE⊥ +
a2
b
E′
)
. (6.62)
In other words, the operator ∂n acts on every metric perturbation defined in the bulk but not on ǫ (i.e., we define
∂nǫ ≡ 0). Along similar lines, one can also define ∂
2
n(bǫ
♯) and ∂2nΥ. The quantity ∂n(bǫ
♯) can contain a singular term
because of the discontinuous part of
(
aE⊥ +
a2
b
E′
)
. Therefore, it is useful to define ∂nΥ by
∂nΥ ≡ ∂n(bǫ
♯) + DΞ. (6.63)
This new quantity can take different values on each side of the brane, so that we can define [∂nΥ] and 〈∂nΥ〉 following
Eqns (3.10,3.11).
We may not simply continue ǫ into the bulk as a variable ǫ is independent of y. This is a gauge dependent
continuation and the definitions for ∂n(bǫ
♯) and ∂2n(bǫ
♯) given above would be valid only in the gauge where ǫ is
independent of y. From the above expressions it is also clear that the variables ∂n(bǫ
♯) and ∂2n(bǫ
♯) and all brane
perturbation variables which contain these derivatives, like e.g. h below, are gauge invariant only with respect to
gauge transformations parallel to the brane. Therefore, it is important to keep in mind that these quantities are
defined only on (each side of) the brane, although the notation ∂n(bǫ
♯), ∂nΥ may be slightly misleading. They simply
refer to Eqns (6.62,6.63).
Using equation (6.59), one can define several gauge invariant quantities which can also only be evaluated on either
side of the brane (that is either at y = yb + ǫ
+ or at y = yb + ǫ
−) :
Σ ≡ B⊥ −
n
b
(
a
n
B +
a2
n2
E˙
)′
−
b
n
ǫ˙ = Σ− (∂u − U)(bǫ
♯), (6.64)
h ≡ E⊥⊥ + U
(
aB +
a2
n
E˙
)
− Ubǫ = h− ∂n(bǫ
♯). (6.65)
By comparing the last equation to Eq. (6.58), it appears that h does not contain a singular term (and hence it is a
quantity that has a meaning on each side of the brane).
Using Eqns (6.39,6.40) we have
Ψ = Ψ+ Ibǫ♯, (6.66)
Φ = Φ−Hbǫ♯. (6.67)
The derivatives ∂nΨ and ∂nΦ are defined via Eq. (6.62,6.63) above. The above equations will become very useful
when considering the second Israel conditions and writing down the perturbed Weyl tensor.
The first Israel condition states that Φ and Ψ are defined on the brane, and that ∂nΦ, ∂nΨ, Σ, and h are well-
defined on both sides of the brane, but it does not imply their continuity. In fact, it is their discontinuity which will
enter into the perturbed second Israel condition. Using the above definitions we have the following relations for the
discontinuous and the continuous parts of the gauge invariant scalar perturbation variables:
[Ψ] = − [I] Υ + 〈I〉Ξ, (6.68)
[Φ] = [H ] Υ− 〈H〉Ξ, (6.69)
[Σ] = [Σ]− (∂u − 〈U〉) Ξ− [U ] Υ, (6.70)
[h] = [h] + [∂nΥ] , (6.71)
and
〈Ψ〉 = Ψ− 〈I〉Υ+
1
4
[I] Ξ, (6.72)
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〈Φ〉 = Φ+ 〈H〉Υ−
1
4
[H ] Ξ, (6.73)
〈Σ〉 = 〈Σ〉+ (∂u − 〈U〉)Υ +
1
4
[U ] Ξ, (6.74)
〈h〉 = 〈h〉+ 〈∂nΥ〉 . (6.75)
If Z2 symmetry is assumed, the first of these relations reduce to
[Ψ] = − [I] Υ, (6.76)
[Φ] = [H ] Υ, (6.77)
and
〈Ψ〉 = Ψ+
1
4
[I] Ξ, (6.78)
〈Φ〉 = Φ−
1
4
[H ] Ξ. (6.79)
These relations are very important. They allow us to move freely between the bulk (non underlined) perturbation
variables, which are defined everywhere, and the brane-related (underlined) variables, which are well defined only on
the brane, i.e. they are either defined on the brane, like Φ and Ψ, or on both sides of the brane, like bǫ♯, ∂nΦ, ∂nΨ,
Σ, or h, etc.
The main difference between the brane and bulk perturbation variables is ǫ♯ which appears in the former. The brane
displacement, however, is not unrelated to the bulk metric perturbations: a displacement of the brane induces metric
perturbation in the bulk (as one could have guessed by making an analogy with a charged surface in electromagnetism).
E. Extrinsic curvature and second Israel condition
We define the perturbed stress-energy tensor on the brane as
δTαβ = (δρ+ δP )uαuβ + 2(ρ+ P )u(αδuβ) − δPqαβ − Pδqαβ + a
2Παβ , (6.80)
where δuα is the perturbation of the energy velocity on the brane which is given by
δuα =
(
−
1
n
A,
1
a
vi,
b2
n
ǫ˙
)
. (6.81)
(The δu4 component is determined by the condition (⊥µ+ δ ⊥µ)(u
µ+ δuµ) = 0.) The variable Παβ is the anisotropic
stress tensor and it is gauge invariant by itself.
As discussed in Appendix H7, we define the gauge invariant perturbations for the energy density and the pressure
on the brane by
δρ♯ = δρ− ρ˙
(
a
n
B +
a2
n2
E˙
)
, (6.82)
δP ♯ = δP − P˙
(
a
n
B +
a2
n2
E˙
)
. (6.83)
Similarly we define the gauge invariant perturbation variables for the velocity on the brane,
v♯ = v +
a
n
E˙, (6.84)
v¯♯i = v¯i +
a
n
˙¯Ei. (6.85)
To impose the second Israel junction condition, we need to compute δKαβ which is the difference between the
perturbed value of Kαβ at the brane position y = yb + ǫ, and the background value of Kαβ . The results are given in
Appendix H6. The extrinsic curvature has to be compared to the perturbation of the surface stress tensor,
δSαβ = δTαβ −
1
3
δTqαβ −
1
3
Tδqαβ , (6.86)
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whose components are given in Appendix H7.
The perturbation of the second Israel condition,
[δKαβ ] = −κ5δSαβ , (6.87)
yields four discontinuity conditions for the scalar perturbation variables Σ, h, Ξ, and the first derivatives ∂nΨ and
∂nΦ,
−∆Ξ+ 3 [∂nΦ−HhH [Σ]] = κ5δρ
♯, (6.88)
1
2
[
Σ− (∂u + U − 2H)(bǫ
♯)
]
= κ5(P + ρ)av
♯, (6.89)
[∂nΨ+ Ih− (∂u + U)Σ] = κ5
(
δP ♯ +
2
3
δρ♯
)
, (6.90)
− Ξ = κ5a
2Π. (6.91)
In terms of the gauge invariant bulk variables these conditions read
−∆Ξ+ 3 [∂nΦ−Hh+HΣ]
+3Υ(H [U ]− [∂n] 〈H〉)
−3Ξ (H〈U〉 − 〈∂n〉 〈H〉) + 3∂uΞ = κ5δρ
♯, (6.92)
1
2
[Σ] + (∂u −H)Ξ = κ5(P + ρ)av
♯, (6.93)
[∂nΨ+ Ih− (∂u + U) Σ]
+Υ ([∂n] 〈I〉 − [(∂u + U)U ])
−Ξ(〈∂n〉 〈I〉 − 〈(∂u + U)U〉)− ∂
2
uΞ = κ5
(
δP ♯ +
2
3
δρ♯
)
, (6.94)
− Ξ = κ5a
2Π. (6.95)
Notice that when Z2 symmetry is imposed Υ never appears in these equations.
For the vector perturbation variables we obtain two discontinuity conditions for h¯i and the first derivative ∂nΣ¯i,
−
1
2
[∂n + I −H ] Σ¯i +
1
2
[
(∂u + U −H)h¯i
]
= κ5(P + ρ)(v
♯
i − Σ¯i), (6.96)
−
[
h¯i
]
= κ5aΠ¯i. (6.97)
Finally, there is also a discontinuity condition for the normal derivative of the tensor perturbation variable E¯ij :
−
[
∂nE¯ij
]
= κ5Π¯ij . (6.98)
Note that the Israel conditions do not give any constraint on the {α4} components of Eq. (6.87). The above constraints
can also be found directly from the singular part of Einstein’s equations (5.65–5.75). This is relatively straightforward
for the vector and tensor modes, but much more involved for the scalar part, as one must rewrite the equations using
the underlined quantities defined above, and also because one has to consider the perturbation of the covariant Dirac
function D. However, for completeness, this has been undertaken in Appendix I1, and we have checked that both
approaches lead to the same result.
F. Sail equation
As we have seen, the junction conditions are conveniently written using the underlined variables Φ, etc. In order to
use them, we must know bǫ♯. The jump of this quantity, Ξ, is given by Eq. (6.91). As its continuous part Υ represents
the brane displacement, it is natural to seek an equation describing the brane motion. As for the unperturbed case,
such an equation is found by taking the discontinuous part of the {44} component of Einstein’s equations. This yields
3 〈H〉 δP ♯ − 〈I〉 δρ♯
−3P
〈
∂nΦ−Hh+HΣ+
1
3
∆Υ
〉
−ρ 〈∂nΨ + Ih− (∂u + U)Σ〉 =
[
δY
♯
]
, (6.99)
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where δY
♯
corresponds to the pressure perturbation along the extra dimension as measured by an observer at rest
with respect to the brane. The relationship between δY ♯ and δY
♯
is given in Eq. (7.26) below. Equation (6.99) is the
typical equation for the displacement of a membrane (it involves the Laplacian of the displacement Υ). When going
back to the bulk (non underlined) perturbations, Eq. (6.99) becomes, as expected, a wave equation for Υ:
− ∂2u(ρΥ)− 3H∂u
(
2ρΥ+ PΥ
)
− P∆Υ+ 2KρΥ
−3
(
P +
2
3
ρ
)
Υ
(
2∂uH+ 4H
2
)
−(P + ρ)Υ
(
3 〈H〉 〈H − I〉+
κ5
4
ρ(P + ρ)
)
+Υ(3 〈H〉 [Y − P ] + 〈I〉 [Y + ρ]) =
[
δY ♯
]
− 3 〈H〉 δP ♯ + 〈I〉 δρ♯
+3P 〈∂nΦ−Hh+HΣ〉
+ρ 〈∂nΨ+ Ih− (∂u + U)Σ〉
+2∂u 〈F 〉Ξ− Ξ (∂u −NH) 〈F 〉
+3 〈H〉Ξ
(κ5
4
(P + ρ)2 + 〈Y − P 〉
)
+ 〈I〉Ξ
(
−
κ5
4
(P + ρ)ρ+ 〈Y + ρ〉
)
. (6.100)
Note that there is nothing which guarantees a priori that the motion of the brane is stable. Even in the simplest
case (Z2 symmetry, k = 0, no bulk perturbation contributing to the right hand side of the above equation and brane
stress-energy tensor dominated by a constant tension term), this equation becomes(
∂2η + 2
a˙
a
∂η −∇
2 − 2
a¨
a
)
Υ = 0, (6.101)
and the mass term becomes negative for sufficiently fast expansion rate of the brane!
VII. THE BRANE POINT OF VIEW
In the previous sections we have derived the bulk perturbation equations and their boundary conditions on the
brane. This allows us in principle to solve the full system of perturbation equations in the bulk for given initial
conditions. From these one can determine also the perturbed Weyl tensor and the second fundamental form.
In order to make contact with 4-dimensional cosmology in this section, we want to write the perturbed version of
the 4-dimensional Einstein equations on the brane. As for the background, this can either be done directly from the
perturbed bulk Einstein equations (5.65–5.75), or using the Gauss-Codacci equation.
A. Projected Weyl tensor on the brane
The full expression of the perturbed Weyl tensor δCαβγδ is given in Appendix F9. Here we write only the components
of the perturbed projected Weyl tensor, δEαβ , on the spacelike direction ⊥
α+δ ⊥α, written in terms of the underlined
gauge invariant variables. We have
δE00 =
1
2
n2δZ♯ + 2E00Ψ
+(E˙00 + 2E00∂η)
(
a
n
B +
a2
n2
E˙
)
, (7.1)
δE0i = −n∇iδE
v − anδ¯Evi
+E00∇i
(
a
n
B +
a2
n2
E˙
)
+ E ijE˙
j , (7.2)
δE ij =
1
6
a2γijδZ
♯
+
(
∇ij −
1
3
∇2γij
)
δEΠ + a∇(iδ¯E
Π
j) + a
2δ¯EΠij
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+E˙ ij
(
a
n
B +
a2
n2
E˙
)
+ 2Ek(i(E
k
j) − δ
k
j)Φ), (7.3)
δE04 = E
0
0δq04, (7.4)
δE i4 = E
j
i δqj4, (7.5)
δE44 = 0, (7.6)
where we have set
δZ♯ ≡
2
3
(∆ + 3K)Φ +
1
3
∆(Ψ− h)
+ (∂u + U) (∂uΦ+HΨ)− (∂u + 2U −H) (∂uh+ UΨ)
− (∂n + I)
(
∂nΦ−Hh+HΣ +
1
3
∆(bǫ♯)
)
− (∂n + 2I −H) (∂nΨ+ Ih− (∂u + U) Σ)
−Ψ∂u (U −H)− (h∂n − Σ∂u) (I −H) , (7.7)
δEv ≡
2
3
(− (HΨ+ ∂uΦ) + (∂uh+ UΨ) + (U −H)h+ (H − I)Σ
− 12∂n
(
Σ− (∂u + U − 2H) (bǫ
♯)
))
, (7.8)
δEΠ ≡
1
3
(
Φ−Ψ− 2h+ (H + I − 2∂n)(bǫ
♯)
)
. (7.9)
Since, by solving the bulk equations, we in principle obtain the non underlined variables, it is useful to express the
above components also in terms of these,
δZ♯ =
2
3
(∆ + 3K)Φ +
1
3
∆(Ψ − h)
+ (∂u + U) (∂uΦ+HΨ)− (∂u + 2U −H) (∂uh+ UΨ)
− (∂n + I) (∂nΦ−Hh+HΣ)
− (∂n + 2I −H) (∂nΨ+ Ih− (∂u + U) Σ)
−Ψ∂u (U −H)− (h∂n − Σ∂u) (I −H)
+Z ′ǫ♯, (7.10)
δEv =
2
3
(
− (HΨ+ ∂uΦ) + (∂uh+ UΨ) + (U −H)h−
(
1
2∂n + I −H
)
Σ
)
, (7.11)
δEΠ =
1
3
(Φ−Ψ− 2h) . (7.12)
For the vector and tensor part of the projected Weyl tensor we have defined
δ¯Evi ≡ −
1
6
(∆ + 2K)Σ¯i +
1
3
(∂n +H)
(
(∂n + I −H) Σ¯i − (∂u + U −H) h¯i
)
, (7.13)
δ¯EΠi ≡
1
3
(
(∂u + 2 (H− U)) Σ¯i + (2∂n + (H − I)) h¯i
)
, (7.14)
δ¯EΠij ≡
1
3
((∂u + 3H− 2U) ∂u − (∆− 2K) + (2∂n + 3H − I) ∂n) E¯ij . (7.15)
B. Perturbed Einstein equations on the brane
With these definitions, we can now write the projected perturbed Einstein equations on the brane. They split into
four scalar equations,
2 (∆ + 3K)Φ
−6H (HΨ+ ∂uΦ) =
1
6
κ25
(∑
b
ρ
b
)∑
b
δρ♯
b
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−2 〈H〉
〈
3∂nΦ− 3Hh+ 3HΣ+∆bǫ
♯
〉
+
1
2
κ5
∑
B
〈
δP
♯
B + δρ
♯
B − δY
♯
B
〉
+
1
2
〈
δZ♯
〉
, (7.16)
−2 (HΨ+ ∂uΦ) =
1
6
κ25
(∑
b
ρ
b
)∑
b
(
(P b + ρb)av
♯
b
)
−
3
2
〈H〉
〈
Σ− (∂u + U − 2H)(bǫ
♯)
〉
+
2
3
κ5
∑
B
〈
(PB + ρB)v
♯
B − FBf
♯
B
〉
+ 〈δEv〉 , (7.17)
+
2
3
(∆Ψ− (∆ + 3K)Φ)
+2 (∂u + 3H) (HΨ+ ∂uΦ)
+2Ψ∂uH =
1
6
κ25
(∑
b
ρ
b
)∑
b
δP ♯b
−2 〈H〉 〈∂nΨ+ Ih− (∂u + U)Σ〉
+2 〈H + I〉
〈
∂nΦ−Hh+HΣ+
1
3
∆bǫ♯
〉
+
1
6
κ5
∑
B
〈
δP
♯
B + δρ
♯
B + 3δY
♯
B
〉
+
1
6
κ25
(∑
b
(P b + ρb)
)∑
b
δρ♯
b
+
1
6
〈
δZ♯
〉
, (7.18)
Φ−Ψ =
1
6
κ25
(∑
b
ρ
b
)
a2
∑
b
Πb
−〈H + I〉Υ
−
1
4
κ25
(∑
b
(P b + ρb)
)
a2
∑
b
Πb
+
2
3
κ5a
2
∑
B
〈ΠB〉+
〈
δEΠ
〉
, (7.19)
two vector equations,
−
1
2
(∆ + 2K) Σ¯i =
1
6
κ25
(∑
b
ρ
b
)∑
b
(
(P b + ρb)(v¯
b ♯
i − Σ¯i)
)
+
2
2
〈H〉
〈
(∂n + I −H)Σ¯i − (∂u + U −H)h¯i
〉
+
2
3
κ5
∑
B
〈
(PB + ρB)(v¯
B ♯
i − Σ¯i)− FB(f¯
B ♯
i + h¯i)
〉
+
〈
δ¯Evi
〉
, (7.20)
(∂u + 2H) Σ¯i =
1
6
κ25
(∑
b
ρ
b
)
a
∑
b
Π¯
b
i
+ 〈H + I〉
〈
h¯i
〉
−
1
4
κ25
(∑
b
(P b + ρb)
)
a
∑
b
Π¯
b
i
+
2
3
κ5a
∑
B
〈
Π¯Bi
〉
+
〈
δ¯EΠi
〉
, (7.21)
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and one tensor equation
(∂u + 3H)∂uE¯ij − (∆− 2K) E¯ij =
1
6
κ25
(∑
b
ρ
b
)∑
b
Π¯bij
+ 〈H + I〉
〈
∂nE¯ij
〉
−
1
4
κ25
(∑
b
(P b + ρb)
)∑
b
Π¯bij
+
2
3
κ5
∑
B
〈
Π¯Bij
〉
+
〈
δ¯EΠij
〉
, (7.22)
where we have set, for the bulk matter quantities evaluated at the brane position,
δρ
♯
= δρ♯ + ρ′ǫ♯ − 2F
b
n
ǫ˙♯, (7.23)
δP
♯
= δP ♯ + P ′ǫ♯, (7.24)
δF
♯
= δF ♯ + F ′ǫ♯ − (ρ+ Y )
b
n
ǫ˙♯, (7.25)
δY
♯
= δY ♯ + Y ′ǫ♯ − 2F
b
n
ǫ˙♯, (7.26)
af
♯
= af ♯ − bǫ♯. (7.27)
These corrections follow from the fact that we have to go in a coordinate system which follows the brane. The terms
proportional to X ′ǫ♯ are here because we consider the bulk matter content at y = yb + ǫ rather than at y = yb, the
terms proportional to ǫ˙♯ come from the fact that we also perform a Lorentz boost in order to follow the brane motion,
and the term bǫ♯ in the last equation comes from the fact that the brane is bent.
As for the unperturbed case, the continuous parts of the bulk stress-energy tensor and of the projected Weyl tensor
appear on the right hand side of these equations, as well as the components of the continuous part of the perturbed
extrinsic curvature. These are related through the discontinuous part of the Einstein equations to the discontinuity
of the perturbed Weyl tensor and of the bulk perturbed matter content. The corresponding equations can be found
in Appendix I5.
C. Perturbed conservation equation
The brane matter conservation equations follow from the singular part of DµT
µα = 0 or from the Bianchi identities.
One obtains (see Appendix I3)
∂uδρ
♯ + 3H(δρ♯ + δP ♯)
+(P + ρ)∆av♯ − 3(P + ρ)∂uΦ = −
[
δF
♯
+ FΨ
]
, (7.28)
(∂u + 3H)
(
(P + ρ)av♯
)
+ δP ♯
+
2
3
(∆ + 3K)a2Π+ (P + ρ)Ψ = −
[
Fav♯ + (P − Y )af
♯
]
, (7.29)
(∂u + 4H)
(
(P + ρ)(v¯♯i − Σ¯i)
)
+
1
2
(∆ + 2K)aΠ¯i = −
[
F (v¯♯i − Σ¯i) + (P − Y )(f¯
♯
i + h¯i)
]
. (7.30)
Again, when there are no discontinuities in the bulk matter perturbations, one obtains the usual conservation equa-
tions.
VIII. CONCLUSION
In this paper we have derived gauge invariant cosmological perturbation theory in braneworld scenarios with one
codimension. The unperturbed background system we considered (Sections II–IV) consists of a 5-dimensional bulk
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spacetime with a maximally symmetric 3-dimensional subspace of curvature k, containing arbitrary (possibly inter-
acting) matter with energy-momentum tensor Tαβ, and a homogeneous and isotropic 3-brane again with arbitrary
stress energy tensor Tαβ . We have not assumed Z2 symmetry across the brane. As such, our work generalises that
of previous authors who have considered perturbation theory mainly in the Z2-symmetric case, and with specific
bulk (and brane) matter (e.g., a bulk cosmological constant [45] or scalar field [24]). We believe that the general
setup considered here is a necessary component of any serious attempt which may be made to tackle such important
questions as the cosmic microwave background anisotropies in braneworlds.
The only coordinate choice we have made is to fix the unperturbed brane to be at a given position yb in the extra
dimension. The bulk metric is explicitly time-dependent. When the bulk contains only a cosmological constant, this
is not the most natural coordinate system: there one would work with (static) Schwarzschild-AdS5 and a dynamical
brane [14, 55, 56, 57]. However, in the case of arbitrary bulk matter and especially for the study of perturbations, we
have found it more convenient to work in a coordinate system in which the brane is at rest.
In Sections II–IV we derived all the relevant background equations, ending with the brane Friedmann equation (4.8–
4.9). As discussed in Section IV, when Z2 symmetry is not assumed, one has additional contributions to the 4-
dimensional Einstein tensor on the brane. In order to study these terms one has to include equations for the extrinsic
curvature.
In the remainder of the paper we studied perturbations of this system, setting up a completely gauge invariant
formalism. Section V contains a general discussion of the classification of perturbations in an n+1-dimensional space
time, as well as the interplay between bulk and brane perturbations. An important point which we note there is the
existence of one extra scalar degree of freedom on the brane which is not a metric perturbation (although it interacts
with some bulk metric perturbations): this is the brane displacement. In Section VI we have derived an equation of
motion for the gauge invariant perturbation variable describing this quantity.
In Section V we introduced the perturbed 5-dimensional bulk spacetime. This led to the definition of four scalar,
two vector and one tensor gauge invariant bulk perturbation variables given in equations (5.25–5.30). Following
the definition of gauge invariant variables for the perturbations of the bulk matter, we were able to write down
the perturbed bulk Einstein equations in a gauge invariant manner. The perturbed brane was then introduced
in Section VI. In analogy with usual 4-dimensional cosmological perturbation theory, our aim was to introduce
two scalar gauge invariant brane perturbation variables (the Bardeen potentials), one vector and one tensor metric
perturbation. The correct definition of these variables can only be given once the perturbed brane metric and Israel
junction conditions are used determine the brane variables in terms of the continuous part and the jump of the bulk
perturbations. The brane variables are defined in equations (6.16–6.19). The gauge invariant brane displacement also
enters in these definitions. Finally the perturbed Einstein equations on the brane were derived in Section VII. As in
the unperturbed case, they contain a contribution from the projection of the perturbed bulk Weyl tensor which in
general have to be determined by solving the bulk equations.
Despite the fact that we have tried to present our results as clearly as possible, the formalism presented in this paper
is technically rather complicated. This reflects the fact that we have considered a very general scenario. The corollary
is, however, that our results should be applicable to a whole variety of different (and possibly simpler) situations of
interest in braneworld scenarios. In a forthcoming paper, we plan to apply this formalism to a specific model and
solve some of the perturbation equations presented here.
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APPENDIX
In this Appendix, we give all the necessary formulae that were used to obtain the results presented in the text.
Here we will consider an N + 1 + 1-dimensional bulk with, N -dimensional maximally symmetric, spacelike hyper-
surfaces of constant curvature k. Therefore, here α = 0, 1, . . ., M , where M = N + 1, and i = 1, 2, . . ., N . We will
consider both the unperturbed (Section B–E) and perturbed cases (Section F–I). Both the bulk and the brane matter
content are arbitrary as well as the global geometry of the bulk. Furthermore, we do not assume Z2 symmetry.
APPENDIX A: SOME USEFUL FORMULAE
1. Some ensor definitions and sign conventions
Following the definitions of [70], we use the sign convention (−++), that is the signature of the metric is (+− . . .−),
and the Riemann and Ricci tensors are respectively defined by
Rαβγδ = ∂γΓ
α
βδ − ∂δΓ
α
βγ + Γ
α
γµΓ
µ
βδ − Γ
α
δνΓ
ν
βγ , (A1)
Rαβ = R
µ
αµβ . (A2)
The Weyl tensor is defined by
Cαβγδ = Rαβγδ −
1
N
(Rαγgβδ −Rαδgβγ +Rβδgαγ −Rβγgαδ)
+
1
N(N + 1)
R(gαγgβδ − gαδgβγ). (A3)
2. Brane-related metric quantities
The induced metric is defined by
χab ≡ gµν ∂aX
µ ∂bX
ν. (A4)
The metric can be projected back in the bulk to give the first fundamental form
qαβ ≡ χpq∂pX
α ∂qX
β. (A5)
More generally, any tensor Xa1...an defined for the brane can be projected back in the bulk using
Xα1...αn = Xp1...pn ∂p1X
α1 . . . ∂pnX
αn . (A6)
In particular, for the brane Riemann tensor, one has
Rαβγδ = ∂pX
α ∂qX
β ∂rX
γ ∂sX
δ Rpqrs. (A7)
One can also define the normal spacelike unit vector ⊥α to the brane according to
⊥µ∂aX
µ = 0 , ⊥µ⊥
µ = −1, (A8)
and the bulk metric evaluated at the brane position can be split into
gαβ = qαβ −⊥αβ , (A9)
with
⊥αβ ≡ ⊥α⊥β . (A10)
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Note that Eq. (A8) implies
⊥σ∂
2
abX
σ = −∂aX
µ ∂bX
ν(Kµν + Γ
ρ
µν⊥ρ). (A11)
One can also define the extrinsic curvature according to
Kαβ ≡ q
µ
(αDµ⊥β), (A12)
which obeys the following relations
qµαKµβ = Kαβ , (A13)
⊥µαKµβ = 0. (A14)
With these definition, the brane Riemann and Ricci tensors, the brane scalar curvature and the brane Einstein
tensor can be rewritten
Rabcd = ∂aX
µ ∂bX
ν ∂cX
ρ ∂dX
σ
(
Rµνρσ −D(µ⊥ρ)D(ν⊥σ) −D(µ⊥σ)D(ν⊥ρ)
)
, (A15)
Rαβγδ = q
µ
αq
ν
βq
ρ
γq
σ
δRµνρσ −KαγKβδ +KαδKβγ , (A16)
Rαβ =
N − 1
N
(
qµαq
ν
βRµν −
1
N − 1
qαβ
(
Gµν⊥
µν +
1
N + 1
G
))
−KKαβ +K
µ
αKµβ + Eαβ , (A17)
R = R+Rµν⊥
µν +KµνK
µν −K2, (A18)
Gαβ =
N − 1
N
(
qµαq
ν
βGµν − qαβ
(
Gµν⊥
µν +
1
N + 1
G
))
−KKαβ +K
µ
αKµβ +
1
2
qαβ
(
K2 −KµνK
µν
)
+ Eαβ . (A19)
APPENDIX B: BACKGROUND GEOMETRIC QUANTITIES
1. Metric
g00 = n
2 , g00 =
1
n2
, (B1)
gij = −a
2γij , g
ij = −
1
a2
γij , (B2)
gMM = −b
2 , gMM = −
1
b2
. (B3)
2. Notations
H˜ =
a˙
a
, I˜ =
n˙
n
, U˜ =
b˙
b
, (B4)
H˜ =
a′
a
, I˜ =
n′
n
, U˜ =
b′
b
. (B5)
3. Christoffel symbols
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Γ 0ij =
a2
n2
H˜γij , Γ
0
MM
=
b2
n2
U˜ , (B6)
Γ 000 = I˜ , Γ
i
j0 = H˜δ
i
j , Γ
M
M0 = U˜ , (B7)
Γ 00M = I˜ , Γ
i
jM = H˜δ
i
j , Γ
M
MM
= U˜ , (B8)
Γ M00 =
n2
b2
I˜ , Γ Mij = −
a2
b2
H˜γij , (B9)
Γkij =
(N)Γkij , (B10)
Γ µµ0 = I˜ +NH˜+ U˜ , Γ
µ
µM = I˜ +NH˜ + U˜ . (B11)
The superscript N means that the corresponding quantity is evaluated using the metric γij .
4. Ricci tensor
R00 = −(∂η + U˜ − I˜)U˜ −N(∂η + H˜ − I˜)H˜+
n2
b2
(∂y + I˜ − U˜)I˜ +N
n2
b2
H˜I˜, (B12)
Rij = (N − 1)γijk +
a2
n2
γij(∂η +NH˜+ U˜ − I˜)H˜ −
a2
b2
γij(∂y +NH˜ + I˜ − U˜)H˜, (B13)
R0M = N(−
˙˜H − H˜H˜ + H˜I˜ + U˜H˜), (B14)
RMM = −(∂y + I˜ − U˜)I˜ −N(∂y + H˜ − U˜)H˜ +
b2
n2
(∂η + U˜ − I˜)U˜ +N
b2
n2
H˜U˜ . (B15)
5. Scalar curvature
R = −N(N + 1)
(
H˜2
n2
+
k
a2
−
H˜
b2
)
+ 2N
k
a2
−
2
n2
(∂η + U˜ − I˜)(U˜ +NH˜) +
2
b2
(∂y + I˜ − U˜)(I˜ +NH˜). (B16)
6. Einstein tensor
G00 =
N(N − 1)
2
(
H˜2 +
n2
a2
k−
n2
b2
H˜2
)
+NH˜U˜ −N
n2
b2
(H˜ ′ + H˜2 − H˜U˜), (B17)
Gij = −
N(N − 1)
2
(
a2
n2
H˜2 + k−
a2
b2
H˜2
)
γij + (N − 1)kγij
−
a2
n2
γij(∂η + U˜ − I˜)
(
U˜ + (N − 1)H˜
)
+
a2
b2
γij(∂y + I˜ − U˜)
(
I˜ + (N − 1)H˜
)
, (B18)
G0M = N(−
˙˜H − H˜H˜ + H˜I˜ + U˜H˜), (B19)
GMM = −
N(N − 1)
2
(
b2
n2
H˜2 +
b2
a2
k− H˜2
)
−N
b2
n2
( ˙˜H + H˜2 − H˜I˜) +NH˜I˜. (B20)
7. Riemann tensor
R0M0M = b
2(∂η + U˜ − I˜)U˜ − n
2(∂y + I˜ − U˜)I˜ , (B21)
R0i0j = a
2γij(∂η + H˜ − I˜)H˜ −
a2n2
b2
γijH˜I˜, (B22)
R0iMj = a
2γij(
˙˜H + H˜H˜ − H˜I˜ − U˜H˜), (B23)
RMiMj = a
2γij(∂y + H˜ − U˜)H˜ −
b2a2
n2
γijH˜U˜ , (B24)
Rijkl = −a
4(γikγjl − γilγjk)
(
H˜2
n2
+
k
a2
−
H˜2
b2
)
. (B25)
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8. Weyl tensor
C0M0M =
N − 1
N + 1
n2b2Z, (B26)
C0i0j = −
1
N
N − 1
N + 1
a2n2Zγij , (B27)
CMiMj =
1
N
N − 1
N + 1
b2a2Zγij , (B28)
Cijkl = −
2
N(N + 1)
(γikγjl − γilγjk)a
4Z, (B29)
with
Z =
k
a2
+
1
n2
(∂η + U˜ − I˜)(U˜ − H˜)−
1
b2
(∂y + I˜ − U˜)(I˜ − H˜). (B30)
APPENDIX C: BACKGROUND MATTER CONTENT
1. Unit vectors
From the fields X (η) = η and X (⊥) = y, one can build two unit vectors uα and nα:
uα =
DαX
(η)√
DµX (η)DµX (η)
, (C1)
uα = (n,0, 0), (C2)
uα =
(
1
n
,0, 0
)
, (C3)
uµu
µ = 1, (C4)
nα =
DαX
(⊥)√
−DµX (⊥)DµX (⊥)
, (C5)
nα = (0,0, b), (C6)
nα =
(
0,0,−
1
b
)
, (C7)
nµn
µ = −1. (C8)
One can define the following operators:
∂u ≡ u
µ∂µ =
1
n
∂η, (C9)
∂n ≡ −n
µ∂µ =
1
b
∂y. (C10)
As in the main text, we also use
H =
∂ua
a
, I =
∂un
n
, U =
∂ub
b
, (C11)
H =
∂na
a
, I =
∂nn
n
, U =
∂nb
b
. (C12)
2. Stress-energy tensor
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For the bulk matter, it is more convenient to introduce the unit vector Uα which represents the bulk N +2-velocity
of the fluid:
Uα = (nγ,0,−bβγ), (C13)
Uα =
(
1
n
γ,0,
1
b
βγ
)
, (C14)
UµU
µ = 1, (C15)
γ2(1− β2) = 1. (C16)
Here β represents the Lorentz boost which must be performed along the y axis in order to be in the rest frame of
the bulk matter. As usual γ = 1/
√
1− β2. Due to the symmetries of spacetime, the stress energy tensor of any
component possesses N identical eigenvalues P0. The other eigenvalues are ρ0 (associated to the timelike eigenvector
Uα) and Y0 (associated to the spacelike eigenvector N
α). One has
Nα =
(
−
1
n
βγ,0,−
1
b
γ
)
, (C17)
Nα = (−nβγ,0, bγ). (C18)
Tαβ = (P0 + ρ0)UαUβ − (P0 − Y0)NαNβ − P0gαβ, (C19)
= (P + ρ)uαuβ − (P − Y )nαnβ − Pgαβ − 2Fu(αnβ). (C20)
T00 = n
2γ2(ρ0 + β
2Y0) ≡ n
2ρ , T 00 =
1
n2
ρ, (C21)
Tij = a
2P0γij ≡ a
2Pγij , T
ij =
1
a2
Pγij , (C22)
T0M = −nbβγ
2(Y0 + ρ0) ≡ −nbF , T
0M =
1
nb
F, (C23)
TMM = b
2γ2(Y0 + β
2ρ0) ≡ b
2Y , TMM =
1
b2
Y. (C24)
ρ = γ2(ρ0 + β
2Y0), (C25)
Y = γ2(Y0 + β
2ρ0), (C26)
P = P0, (C27)
F = βγ2(ρ0 + Y0), (C28)
β
1 + β2
=
F
ρ+ Y
, (C29)
β =
ρ+ Y
2F

1−
√
1−
(
2F
ρ+ Y
)2 , (C30)
ρ0 =
ρ− β2Y
1 + β2
=
ρ− Y
2
+
√
(ρ+ Y )2
4
− F 2, (C31)
Y0 =
Y − β2ρ
1 + β2
=
Y − ρ
2
+
√
(ρ+ Y )2
4
− F 2, (C32)
P0 = P. (C33)
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3. Einstein equations
N(N − 1)
2
(
H2 +K −H2
)
+NHU −N(∂nH +H
2) = κN+2ρ, (C34)
−
N(N − 1)
2
(
H2 +K −H2
)
+ (N − 1)K
−(∂u + U) (U + (N − 1)H) + (∂n + I) (I + (N − 1)H) = κN+2P, (C35)
N(∂uH +HH −HI) = N(∂nH+HH −HU) = κN+2F, (C36)
−
N(N − 1)
2
(
H2 +K −H2
)
−N(∂uH+H
2) +NHI = κN+2Y. (C37)
4. Conservation equations
For any species,
DµT
µα
f = Q
α
f , (C38)
Qαf = Γ
f
0U
µ
f −D
f
0N
µ
f , (C39)
Qfα = (nγf (Γ
f
0 + βfD
f
0 ),0,−bγf(D
f
0 + βfΓ
f
0 )) ≡ (nΓf ,0,−bDf), (C40)
Γf = γ(Γ
f
0 + βD
f
0 ), (C41)
Df = γ(D
f
0 + βΓ
f
0 ), (C42)
Γf0 = γ(Γf − βDf ), (C43)
Df0 = γ(Df − βΓf ), (C44)
Qαf =
(
1
n
Γf ,0,
1
b
Df
)
, (C45)∑
f
Γf =
∑
f
Df = 0, (C46)
∂uρf +NH(Pf + ρf ) + U(Yf + ρf ) + (∂n +NH + 2I)Ff = Γf , (C47)
(∂u +NH+ 2U)Ff + ∂nYf + I(Yf + ρf ) +NH(Yf − Pf ) = Df . (C48)
APPENDIX D: BACKGROUND BRANE-RELATED QUANTITIES
1. Brane position
In general, one has the brane position Xα as a function of N + 1 variables σa. We choose
X0 = σ0, (D1)
X i = σi, (D2)
XM = yb. (D3)
2. Induced metric
One first builds the unit vector orthogonal to the brane:
⊥µ
∂Xµ
∂σa
= 0, (D4)
⊥α = (0,0, b), (D5)
⊥α =
(
0,0,−
1
b
)
. (D6)
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The components of this vector have the same functional form but possibly different numerical values when evaluated
at y = yb
+ and y = yb
−. Then the induced metric is given by:
qαβ = gαβ +⊥α⊥β , (D7)
qαµ⊥
µ = 0. (D8)
q00 = n
2, (D9)
qij = −a
2γij . (D10)
3. First Israel conditions
For any quantity f , we define
f = [f ]
(
θ(y − yb)−
1
2
)
+ 〈f〉 , (D11)
where [f ] is the discontinuity of f , 〈f〉 is the continuous part of f and θ is the Heaviside function. The first Israel
condition states that qαβ(yb
+) = qαβ(yb
−) :
[a] = 0, (D12)
[n] = 0. (D13)
In particular, this means that b is allowed to be discontinuous at the brane position. Also, the derivatives of a and n
with respect to y can be discontinuous.
4. Extrinsic curvature
Kαβ = q
µ
(αDµ⊥β), (D14)
Kαµ⊥
µ = 0. (D15)
K00 = −
n2
b
I˜, (D16)
Kij =
a2
b
H˜γij , (D17)
K ≡ gµνKµν = q
µνKµν = −
1
b
(I˜ +NH˜), (D18)
KµνKµν =
1
b2
(I˜2 +NH˜2), (D19)
K2 −KµνKµν =
N
b2
((N − 1)H˜2 + 2H˜I˜). (D20)
5. Stress-energy tensor
Formally, one can take a stress-energy tensor of the above form to describe the brane content, provided that we
have
ρ0 ≡ Dρ, (D21)
P0 ≡ DP , (D22)
Y0 ≡ 0, (D23)
γ = 1, (D24)
β = 0, (D25)
with
D =
√
|q|√
|g|
δ(y − yb). (D26)
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The condition γ = 1 and β = 0 has not necessarily to be satisfied but is a consequence of the coordinate choice to put
the brane at rest with respect to the coordinate system. Because of the Dirac term (D26), P and ρ depend on η, xi
only. Since the stress energy tensor of the brane is strictly zero elsewhere, its eigenvectors are not defined outside this
hypersurface. The vector ⊥α appears as the analog of the vector Nα as an eigenvector associated to the eigenvalue
Y0 = 0. Equivalently one can define an N + 2-velocity uα which corresponds to the eigenvector associated with the
eigenvalue ρ0. Therefore,
T bαβ = DTαβ, (D27)
Tαµ ⊥
µ = 0, (D28)
Tαβ = (P + ρ)uαuβ − Pqαβ , (D29)
uα ≡ (n,0, 0). (D30)
6. Sαβ tensor
Sαβ = Tαβ −
1
N
Tqαβ . (D31)
S00 = n
2
(
N − 1
N
ρ+ P
)
, (D32)
Sij =
1
N
a2ργij . (D33)
7. Second Israel condition
[Kαβ ] = −κN+2Sαβ . (D34)
[
I˜
b
]
= κN+2
(
N − 1
N
ρ+ P
)
, (D35)
[
H˜
b
]
= −κN+2
1
N
ρ, (D36)
−N
[
H˜
b
]
= κN+2ρ, (D37)
[
I˜
b
]
+ (N − 1)
[
H˜
b
]
= κN+2P , (D38)
[
I˜
b
]
−
[
H˜
b
]
= κN+2(P + ρ). (D39)
8. Projected Weyl tensor
Eαβ = Cαµβν⊥
µ⊥ν , (D40)
gµνEµν = q
µνEµν = ⊥
µEµα = 0. (D41)
E00 =
N − 1
N + 1
n2Z, (D42)
E ij =
N − 1
N(N + 1)
a2Zγij . (D43)
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APPENDIX E: BRANE POINT OF VIEW, UNPERTURBED CASE
Unless otherwise noted, all the quantities are evaluated at the brane position. The quantity 〈∂n〉X stands for the
continuous part of ∂nX at the brane position.
1. Friedmann equation
Taking the continuous part of the Einstein equation at the brane position, we get
N(N − 1)
2
(
H2 +K
)
=
κ2
N+2
8
N + 1
N
ρ2 + κN+2 〈ρB〉
−NH〈U〉+N 〈∂n〉 〈H〉+
1
2
N(N + 1) 〈H〉
2
, (E1)
−
1
2
(N − 1)
(
H−1∂u +N
) (
H2 +K
)
= −
κ2
N+2
8
(
2P 2 + 2
N − 1
N
Pρ+
N − 1
N
ρ2
)
+ κN+2 〈PB〉
+ 〈(∂u + U + (N − 1)H)U〉
− 〈∂n + I〉 〈I + (N − 1)H〉 −
1
2
N(N − 1) 〈H〉
2
. (E2)
As such, these equations are not yet very useful because they involve many terms which are not explicit ‘brane
variables’.
2. New Friedmann equation
Consider the combination 〈H{MM}+H{0M}〉 of the Einstein equations. It yields
(∂u + (N + 1)H)
(
N(N − 1)
2
(
H2 +K − 〈H〉
2
)
−
N − 1
8N
κ2
N+2
ρ2
)
= −(N − 1)κN+2 〈HY +HF 〉 . (E3)
In the case 〈HF 〉 = ∂η 〈Y 〉 = 0, they can be integrated exactly and we find
N(N − 1)
2
(
H2 +K
)
=
N − 1
8N
κ2
N+2
ρ2 −
N − 1
N + 1
κN+2 〈Y 〉+
C
aN+1
. (E4)
3. Friedmann equations using the Weyl tensor
In general, the Friedmann equation can conveniently be rewritten using the Weyl tensor. One has
N(N − 1)
2
(
H2 +K
)
=
N − 1
8N
κ2
N+2
(∑
b
ρ
b
)2
+
N(N − 1)
2
〈H〉
2
+
N − 1
N + 1
κN+2
∑
B
〈PB + ρB − YB〉+
N − 1
N + 1
〈Z〉 , (E5)
−
N − 1
2
(
N +H−1∂u
) (
H2 +K
)
=
N − 1
8N
κ2
N+2
(∑
b
ρ
b
)(∑
b
(ρ
b
+ 2Pb)
)
−
N(N − 1)
2
〈H〉
2
− (N − 1) 〈H〉 〈I −H〉
+
N − 1
N(N + 1)
κN+2
∑
B
〈PB + ρB +NYB〉+
N − 1
N(N + 1)
〈Z〉 . (E6)
4. Relationship between 〈Kαβ〉 and
[
Eαβ
]
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ρ 〈H〉 =
1
N + 1
(
[P + ρ− Y ] +
1
κN+2
[Z]
)
, (E7)
(NP + ρ) 〈H〉 − ρ 〈I〉 =
1
N + 1
(
[P + ρ+NY ] +
1
κN+2
[Z]
)
. (E8)
5. Conservation equation
These can be found either by taking the singular part of (C47), or by considering the discontinuity of (B19). A
bulk energy exchange term ΓB can have a singular component Γ
(D)
B so that ΓB = DΓ
(D)
B +[ΓB]
(
θ(y − yb)−
1
2
)
+ 〈ΓB〉.
∂uρb +NH(Pb + ρb) = Γb, (E9)
[FB] = Γ
(D)
B , (E10)∑
b
Γb = −
∑
B
[FB] . (E11)
One also has the sail equation
− 〈I〉
∑
b
ρ
b
+N 〈H〉
∑
b
P b =
∑
B
[YB] . (E12)
APPENDIX F: PERTURBED GEOMETRIC VARIABLES
1. Metric
δg00 = 2n
2A , δg00 = −
1
n2
2A, (F1)
δg0i = anBi , δg
0i =
1
an
Bi, (F2)
δgij = −a
2hij , δg
ij =
1
a2
hij , (F3)
δg0M = nbB⊥ , δg
0M =
1
nb
B⊥, (F4)
δgiM = baE⊥i , δg
iM = −
1
ba
Ei⊥, (F5)
δgMM = 2b
2E⊥⊥ , δg
MM = −
1
b2
2E⊥⊥. (F6)
Bi = ∇iB + B¯i, (F7)
hij = 2Cγij + 2Eij , (F8)
Eij = ∇(iEj) + E¯ij , (F9)
Ei = ∇iE + E¯i, (F10)
E⊥i = ∇iE⊥ + E¯(⊥)i. (F11)
All 3-vectors indices are raised and lowered using metric γij . ∇i represents its associated covariant derivative and
∇2 = ∇i∇
i. Barred vectors are divergenceless, double barred tensors are divergenceless and traceless with respect to
γij and ∇i.
2. Infinitesimal coordinate transformation
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Under an infinitesimal coordinate transformation xα → xα + ξα, the perturbed part of a tensor transforms as
δTα1...αuβ1...βd → δT
α1...αu
β1...βd
+ ξµ∂µT
α1...αu
β1...βd
− ∂µiξ
αiTα1...µi...αuβ1...βd + ∂βjξ
νjTα1...αuβ1...νj ...βd . (F12)
Setting
ξα = (T, Li, L⊥), (F13)
Li = ∇iL+ L¯i, (F14)
the metric perturbations transform into
A → A+ T˙ + I˜T + I˜L⊥, (F15)
Bi → Bi −
a
n
L˙i +
n
a
∇iT, (F16)
C → C + H˜T + H˜L⊥, (F17)
Ei → Ei + Li, (F18)
E¯ij → E¯ij , (F19)
B⊥ → B⊥ −
b
n
L˙⊥ +
n
b
T ′, (F20)
E⊥i → E⊥i −
a
b
L′i −
b
a
∇iL
⊥, (F21)
E⊥⊥ → E⊥⊥ − U˜T − L
⊥′ − U˜L⊥, (F22)(
a
n
B +
a2
n2
E˙
)
→
(
a
n
B +
a2
n2
E˙
)
+ T, (F23)(
a
b
E⊥ +
a2
b2
E′
)
→
(
a
b
E⊥ +
a2
b2
E′
)
− L⊥. (F24)
There is one subtlety due to the fact that b may be discontinuous. We consider the above infinitesimal coordinate
transformation. For the {MM} component, we have
gMM → gMM − T∂η(b
2)− 2b∂y(bL
⊥). (F25)
For the coordinate change to be valid, the metric components must remain finite, therefore one must have
[bL⊥] = 0. (F26)
If b is continuous, then L⊥ can be an arbitrary (continuous) coordinate transformation, but if b is discontinuous, then
L⊥(η, xi, yb) = 0. Geometrically, this is related to the fact that the coordinate system is allowed to exhibit some
pathologies only at the brane position, but not in its vicinity.
3. Gauge invariant metric perturbations
Using the transformation laws for
(
a
n
B + a
2
n2
E˙
)
, Ei, −
(
a
b
E⊥ +
a2
b2
E′
)
, it is possible to construct the following
gauge invariant quantities:
Ψ = A− (∂η + I˜)
(
a
n
B +
a2
n2
E˙
)
+ I˜
(
a
b
E⊥ +
a2
b2
E′
)
, (F27)
Φ = −C + H˜
(
a
n
B +
a2
n2
E˙
)
− H˜
(
a
b
E⊥ +
a2
b2
E′
)
, (F28)
Σ = B⊥ −
n
b
∂y
(
a
n
B +
a2
n2
E˙
)
−
b
n
∂η
(
a
b
E⊥ +
a2
b2
E′
)
, (F29)
h = E⊥⊥ + U˜
(
a
n
B +
a2
n2
E˙
)
− (∂y + U˜)
(
a
b
E⊥ +
a2
b2
E′
)
, (F30)
Σ¯i = B¯i +
a
n
˙¯Ei, (F31)
h¯i = E¯(⊥)i +
a
b
E¯′i. (F32)
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δg00 = 2n
2Ψ+ (2g00∂η + g˙00)
(
a
n
B +
a2
n2
E˙
)
− g′00
(
a
b
E⊥ +
a2
b2
E′
)
, (F33)
δg0i = −
n
a
gijΣ¯
j + g00∇i
(
a
n
B +
a2
n2
E˙
)
+ gijE˙
j , (F34)
δgij = g˙ij
(
a
n
B +
a2
n2
E˙
)
− g′ij
(
a
b
E⊥ +
a2
b2
E′
)
+ 2gk(i(E
k
j) − δ
k
j)Φ), (F35)
δg0M = nbΣ+ g00∂y
(
a
n
B +
a2
n2
E˙
)
− gMM∂η
(
a
b
E⊥ +
a2
b2
E′
)
, (F36)
δgiM = −
b
a
gij h¯
j − gMM∇i
(
a
n
B +
a2
n2
E˙
)
+ gijE
j ′, (F37)
δgMM = 2b
2h+ g˙MM
(
a
n
B +
a2
n2
E˙
)
− (2gMM∂y + g
′
MM
)
(
a
b
E⊥ +
a2
b2
E′
)
. (F38)
4. Christoffel symbols
δΓ 000 = A˙−
n
b
I˜B⊥, (F39)
δΓ 00i = ∇iA−
a
n
H˜Bi, (F40)
δΓ 0ij =
a2
n2
(
−2AH˜γij + H˜hij +
1
2
h˙ij
)
+
a
n
∇(iBj) +
a2
nb
H˜B⊥γij , (F41)
δΓ 00M = A
′ −
b
n
U˜B⊥, (F42)
δΓ 0iM =
1
2
a
n
(∂y + I˜ − H˜)Bi −
1
2
ba
n2
(∂η + H˜+ U˜)E⊥i +
1
2
b
n
∇iB⊥, (F43)
δΓ 0
MM
=
b
n
(∂y + I˜)B⊥ −
b2
n2
(∂η + 2U˜)E⊥⊥ − 2
b2
n2
U˜A, (F44)
δΓ i00 =
n2
a2
∇iA−
n
a
(∂η + H˜)B
i +
n2
ba
I˜Ei⊥, (F45)
δΓ i0j =
1
2
h˙ij +
1
2
n
a
(∇iBj −∇jB
j), (F46)
δΓ ijk =
1
2
(∇jh
i
k +∇kh
i
j −∇
khij) + γjk
( a
n
H˜Bi −
a
b
H˜Ei⊥
)
, (F47)
δΓ i0M = −
1
2
b
a
(∂η + H˜ − U˜)E
i
⊥ −
1
2
n
a
(∂y + H˜ − I˜)B
i +
1
2
nb
a2
∇iB⊥, (F48)
δΓ ijM =
1
2
hij
′ +
1
2
b
a
(∇iE⊥j −∇jE
i
⊥), (F49)
δΓ i
MM
= −
b
a
(∂y + H˜)E
i
⊥ +
b2
an
U˜Bi +
b2
a2
∇iE⊥⊥, (F50)
δΓ M00 = −
n
b
(∂η + U˜)B⊥ +
n2
b2
(∂y + 2I˜)A+ 2
n2
b2
I˜E⊥⊥, (F51)
δΓ M0i =
1
2
an
b2
(∂y + I˜ + H˜)Bi −
1
2
a
b
(∂η + U˜ − H˜)E⊥i −
1
2
n
b
∇iB⊥, (F52)
δΓ Mij = −
a2
b2
(
2H˜E⊥⊥γij + H˜hij +
1
2
h′ij
)
−
a
b
∇(iE⊥j) +
a2
nb
H˜B⊥γij , (F53)
δΓ M0M = −E˙⊥⊥ +
n
b
I˜B⊥, (F54)
δΓ MiM = −∇iE⊥⊥ +
a
b
H˜E⊥i, (F55)
δΓ M
MM
= −E⊥⊥
′ +
b
n
U˜B⊥, (F56)
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δΓ µµ0 = ∂η(A− E⊥⊥ +NC +∇
2E), (F57)
δΓ µµi = ∇i(A− E⊥⊥ +NC +∇
2E), (F58)
δΓ µµM = ∂y(A− E⊥⊥ +NC +∇
2E). (F59)
5. Ricci tensor
From now on, we shall write any perturbation variables mostly with the gauge invariant quantities defined above.
The non-gauge invariant terms will be put under the form of some factors involving components of the corresponding
unperturbed tensor multiplied by
(
a
n
B + a
2
n2
E˙
)
, Ei and
(
a
b
E⊥ +
a2
b2
E′
)
.
δR00 =
n2
a2
∇2Ψ
+(NH˜+ U˜)∂ηΨ+ (∂
2
η + (2U˜ − I˜)∂η)h+N(∂
2
η + (2H˜ − I˜)∂η)Φ
+
n2
b2
(∂y +NH˜ + I˜ − U˜)(∂yΨ+ 2I˜Ψ+ 2I˜h)−
n2
b2
I˜∂y(Ψ + h+NΦ)
−
n
b
(∂η∂y + U˜∂y + (NH˜ + I˜)∂η +NH˜I˜ +N U˜H˜ +
˙˜I + U˜ ′)Σ
+(R˙00 + 2R00∂η)
(
a
n
B +
a2
n2
E˙
)
− (R′00 + 2R0M∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (F60)
δR0i = ((N − 1)H˜+ U˜)∇iΨ+ (∂η − H˜+ U˜)∇ih+ (N − 1)∂η∇iΦ
−
1
2
n
b
(∂y + (N − 2)H˜ + 2I˜)Σ
+
1
2
n
a
(∇2 +K(N − 1))Σ¯i −
n
a
RijΣ¯
j
+
1
2
an
b2
(∂y + (N + 1)H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯i
)
−
1
2
a
b
(∂y + (N + 1)H˜ − I˜)
(
(∂η + U˜ − H˜)h¯i
)
+R00∇i
(
a
n
B +
a2
n2
E˙
)
−R0M∇i
(
a
b
E⊥ +
a2
b2
E′
)
+RijE˙
j , (F61)
δRij = (γij∇
2 +N∇ij + 2K(N − 1)γij)Φ−∇ij(Ψ + 2Φ− h)
−
a2
n2
γij
(
2 ˙˜H+ 2H˜(NH˜+ U˜ − I˜)Ψ + H˜∂η(Ψ + h+NΦ)
)
−
a2
b2
γij
(
2H˜ ′ + 2H˜(NH˜ + I˜ − U˜)h+ H˜∂y(Ψ + h+NΦ)
)
+
a2
nb
γij
(
H˜∂y + H˜∂η + 2NH˜H˜ + H˜
′ + ˙˜H
)
Σ
+
a
n
(∂η + (N − 1)H˜ + U˜)∇(iΣ¯j) −
a
b
(∂y + (N − 1)H˜ + I˜)∇(ih¯j)
+
(
a2
n2
(∂2η + (NH˜+ U˜ − I˜)∂η)−
a2
b2
(∂2y + (NH˜ + I˜ − U˜)∂y)
)
(E¯ij − γijΦ)− (∇
2 − 2K)E¯ij
+R˙ij
(
a
n
B +
a2
n2
E˙
)
−R′ij
(
a
b
E⊥ +
a2
b2
E′
)
+ 2Rk(i(E
k
j) − δ
k
j)Φ), (F62)
δR0M = NH˜∂yΨ−NH˜∂ηh+N(∂η∂y + (H˜ − I˜)∂η + (H˜ − U˜)∂y)Φ
+
1
2
nb
a2
∇2Σ +
n
b
(I˜ ′ + I˜(NH˜ + I˜ − U˜))Σ−
b
n
( ˙˜U + U˜(NH˜+ U˜ − I˜))Σ
+(R˙0M +R0M∂η +R00∂y)
(
a
n
B +
a2
n2
E˙
)
− (R′0M +R0M∂y +RMM∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (F63)
δRiM = −((N − 1)H˜ + I˜)∇ih− (∂y − H˜ + I˜)∇iΨ+ (N − 1)∂y∇iΦ
+
1
2
b
n
(∂η + (N − 2)H˜+ 2U˜)∇iΣ
+
1
2
b
a
(∇2 +K(N − 1))h¯i −
b
a
Rij h¯
j
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+
1
2
a
n
(∂η + (N + 1)H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯i
)
−
1
2
ba
n2
(∂η + (N + 1)H˜ − I˜)
(
(∂η + U˜ − H˜)h¯i
)
+R0M∇i
(
a
n
B +
a2
n2
E˙
)
−RMM∇i
(
a
b
E⊥ +
a2
b2
E′
)
+RijE
j ′, (F64)
δRMM =
b2
a2
∇2h
−
b2
n2
(∂η +NH˜+ U˜ − I˜)(∂ηh+ 2U˜h+ 2U˜Ψ) +
b2
n2
U˜∂η(Ψ + h−NΦ)
−(∂2y + (2I˜ − U˜)∂y)Ψ− (NH˜ + I˜)∂yh+N(∂
2
y + (2H˜ − U˜)∂y)Φ
+
b
n
(∂η∂y + (NH˜+ U˜)∂y + I˜∂η +NH˜I˜ +N U˜H˜ +
˙˜I + U˜ ′)Σ
+(R˙MM + 2RMM∂y)
(
a
n
B +
a2
n2
E˙
)
− (R′
MM
+ 2R0M∂y)
(
a
b
E⊥ +
a2
b2
E′
)
. (F65)
6. Scalar curvature
δR =
2
a2
(
∇2(Ψ− h− (N − 1)Φ−KN(N − 1)Φ
)
+
2
n2
(
2(U˜ +NH˜)(∂η + U˜ − I˜)Ψ + 2(
˙˜U +N ˙˜H)Ψ
+(∂η + U˜ − I˜)(∂ηh+N∂ηΦ)
+(NH˜+ U˜)∂η(h−Ψ) +N(N + 1)(H˜
2Ψ+ H˜∂ηΦ)
)
+
2
b2
(
2(I˜ +NH˜)(∂y + I˜ − U˜)h+ 2(I˜
′ +NH˜ ′)h
+(∂y + I˜ − U˜)(∂yh+N∂yΦ))
+(NH˜ + I˜)∂y(Ψ− h) +N(N + 1)(H˜
2h− H˜∂yΦ)
)
−
2
nb
(
∂y∂η + (NH˜+ U˜)∂y + (NH˜ + I˜)∂η
+NH˜′ + U˜ ′ +N ˙˜H + ˙˜I +N(N + 1)H˜H˜
)
Σ
+R˙
(
a
n
B +
a2
n2
E˙
)
−R′
(
a
b
E⊥ +
a2
b2
E′
)
, (F66)
7. Einstein tensor
δG00 =
n2
a2
(∇2 −KN(N − 1))(h− Φ)
+N
(
n2
a2
∇2 − (NH˜+ U˜)∂η +
n2
b2
(∂2y + (NH˜ − U˜)∂y)
)
Φ
−N
(
n2
b2
H˜∂y(h− Φ) + H˜∂η(h− Φ) + ((N − 1)H˜
2 + 2H˜U˜)(Ψ + h)
)
+N
n
b
(
H˜∂y +NH˜H˜ + H˜
′
)
Σ
+2G00(Ψ + h)−
n
b
G0MΣ
+(G˙00 + 2G00∂η)
(
a
n
B +
a2
n2
E˙
)
− (G′00 + 2G0M∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (F67)
δG0i = ∇i((U˜ − H˜)(Ψ + h) + ∂η(h− Φ) +N(H˜Ψ+ Φ˙))
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−
1
2
n
b
(∂y + (N − 2)H˜ + 2I˜)∇iΣ
+
1
2
an
b2
(∂y + (N + 1)H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯i
)
−
1
2
a
b
(∂y + (N + 1)H˜ − I˜)
(
(∂η + U˜ − H˜)h¯i
)
+
1
2
n
a
(∇2 +K(N − 1))Σ¯i −
n
a
GijΣ¯
j
+G00∇i
(
a
n
B +
a2
n2
E˙
)
−G0M∇i
(
a
b
E⊥ +
a2
b2
E′
)
+GijE˙
j , (F68)
δGij = (γij∇
2 −∇ij)(Ψ + Φ− (h− Φ)−NΦ)
+
a2
n2
γij
(
2(U˜ + (N − 1)H˜)(∂η + U˜ − I˜) +N(N − 1)H˜
2
)
(Φ + Ψ)
+
a2
n2
γij
(
(∂2η + (U˜ − I˜)∂η)(h− (N − 1)Φ)− ((N − 1)H˜ + U˜)∂η(Ψ + h−NΦ)
)
+
a2
b2
γij
(
2(I˜ + (N − 1)H˜)(∂y + I˜ − U˜) +N(N − 1)H˜
2
)
(h− Φ)
+
a2
b2
γij
(
(∂2y + (I˜ − U˜)∂y)(Ψ − (N − 1)Φ)− ((N − 1)H˜ + I˜)∂y(Ψ + h+NΦ)
)
−
a2
nb
γij
(
∂y∂η + ((N − 1)H˜+ U˜)∂y + ((N − 1)H˜ + I˜)∂η +N(N − 1)H˜H˜
)
Σ
+2a2γij
(
1
n2
(Φ + Ψ)∂η(U˜ + (N − 1)H˜) +
1
b2
(h− Φ)∂y(I˜ + (N − 1)H˜)
)
−
a2
nb
γijΣ
(
(N − 1)H˜′ + U˜ ′ + (N − 1) ˙˜H + ˙˜I
)
−N
(
a2
n2
U˜∂η −
a2
b2
I˜∂y
)
Φ− 2GijΦ
+
a
n
(
∂η + (N − 1)H˜+ U˜
)
∇(iΣ¯j) −
a
b
(
∂y + (N − 1)H˜ + I˜
)
∇(ih¯j)
+
(
a2
n2
(∂2η + (NH˜+ U˜ − I˜)∂η)− (∇
2 − 2K)−
a2
b2
(∂2y + (NH˜ + I˜ − U˜)∂y)
)
E¯ij
+G˙ij
(
a
n
B +
a2
n2
E˙
)
−G′ij
(
a
b
E⊥ +
a2
b2
E′
)
+ 2Gk(i(E
k
j) − δ
k
j)Φ), (F69)
δG0M =
1
2
(
nb
a2
∇2 +N
b
n
( ˙˜H+ H˜2 − H˜I˜ − H˜U˜)−N
n
b
(H˜ ′ + H˜2 − H˜I˜ − H˜U˜)
)
Σ
+N(H˜∂y(Φ + Ψ)− H˜∂η(h− Φ) + (∂η∂y − U˜∂y − I˜∂η)Φ)
+
1
2
(
b
n
G00 −
n
b
GMM
)
Σ
+(G˙0M +G0M∂η +G00∂y)
(
a
n
B +
a2
n2
E˙
)
− (G′0M +G0M∂y +GMM∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (F70)
δGiM = −∇i((I˜ − H˜)(Ψ + h) + ∂y(Φ + Ψ) +N(H˜h+Φ
′))
+
1
2
b
n
(∂η + (N − 2)H˜+ 2U˜)∇iΣ
+
1
2
a
n
(∂η + (N + 1)H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯i
)
−
1
2
ba
n2
(∂η + (N + 1)H˜ − I˜)
(
(∂η + U˜ − H˜)h¯i
)
+
1
2
b
a
(∇2 +K(N − 1))h¯i −
b
a
Gij h¯
j
+G0M∇i
(
a
n
B +
a2
n2
E˙
)
−GMM∇i
(
a
b
E⊥ +
a2
b2
E′
)
+GijE
j ′, (F71)
δGMM =
b2
a2
(∇2 −KN(N − 1))(Ψ + Φ)
−N
(
b2
a2
∇2 −
b2
n2
(NH˜ − I˜)∂η + (NH˜ + I˜)∂y
)
Φ
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+N
(
b2
n2
H˜∂η(Ψ + Φ) + H˜∂y(Φ + Ψ) + ((N − 1)H˜
2 + 2H˜I˜)(Φ + Ψ)
)
−N
b
n
(
H˜∂η +NH˜H˜ +
˙˜H
)
Σ
−2GMM(Ψ + h) +
b
n
G0MΣ
+(G˙MM + 2G0M∂y)
(
a
n
B +
a2
n2
E˙
)
− (G′
MM
+ 2GMM∂y)
(
a
b
E⊥ +
a2
b2
E′
)
. (F72)
8. Riemann tensor
δR0i0j = −
(
n2∇ij + a
2H˜γij∂η +
a2n2
b2
H˜γij∂y
)
Ψ− 2
a2n2
b2
H˜I˜γij(Ψ + h)
+
a2n
b
γij(H˜∂η + H˜I˜ + U˜H˜)Σ + an(∂η + H˜)∇(iΣ¯j) −
an2
b
I˜∇(ih¯j)
+
(
a2(∂2η + (2H˜ − I˜)∂η)−
a2n2
b2
I˜∂y
)
(E¯ij − γijΦ)
+(R˙0i0j + 2R0i0j∂η)
(
a
n
B +
a2
n2
E˙
)
− (R′0i0j +RMi0j∂η +R0iMj∂η)
(
a
b
E⊥ +
a2
b2
E′
)
+R0k0j(E
k
i − δ
k
i Φ) +R0i0k(E
k
j − δ
k
jΦ), (F73)
δR0ijk = a
2∇j∂η(E¯ik − γikΦ)− a
2H˜γik∇jΨ+ an∇j∇(iΣ¯k)
+
1
2
a2H˜γik
(n
b
∇jΣ−
an
b2
(∂y + I˜ − H˜)Σ¯j +
a
b
(∂η + U˜ − H˜)h¯j
)
−[j ↔ k]
+(R0i0k∇j +R0ij0∇k)
(
a
n
B +
a2
n2
E˙
)
− (R0iMk∇j +R0ijM∇k)
(
a
b
E⊥ +
a2
b2
E′
)
+Rlijk
(
∇lE˙ −
n
a
Σ¯l
)
, (F74)
δR0i0M = −n
2(∂y + I˜ − H˜)∇iΨ− n
2I˜∇ih+
1
2
nb(∂η + 2U˜ − H˜)∇iΣ
+
1
2
an(∂η + 2H˜ − U˜)
(
(∂y + U˜ − H˜)Σ¯i
)
−
1
2
ba(∂η + 2H˜ − I˜)
(
(∂η + I˜ − H˜)h¯i
)
−R0M0M∇i
(
a
b
E⊥ +
a2
b2
E′
)
+R0ijM
(
E˙j −
n
a
Σ¯j
)
+R0i0j
(
Ej ′ −
b
a
h¯j
)
, (F75)
δR0iMj = a
2γij(H˜h˙− H˜Ψ
′)−
1
2
(
nb∇ij −
ba2
n
γijH˜U˜ +
a2n
b
γijH˜I˜
)
Σ
+a2(∂η∂y + (H˜ − U˜)∂y + (H˜ − I˜)∂η)(E¯ij − γijΦ)
+
1
2
an(∂y + H˜ − I˜)∇(iΣ¯j) +
1
2
ba(∂η + H˜ − U˜)∇(ih¯j)
+(R˙0iMj +R0iMj∂η +R0i0j∂y)
(
a
n
B +
a2
n2
E˙
)
−(R′0iMj +R0iMj∂y +RMiMj∂η)
(
a
b
E⊥ +
a2
b2
E′
)
+R0kMj(E
k
i − δ
k
i Φ) +R0iMk(E
k
j − δ
k
jΦ), (F76)
δRijkl =
(
a4
n2
H˜2Ψ+
a4
b2
H˜2h−
a4
nb
H˜H˜Σ
)
γikγjl − γki
(
a3
n
H˜∇(jΣ¯l) −
a3
b
H˜∇(j h¯l)
)
+
(
a2(∇ki +Kγki)−
a4
n2
γkiH˜∂η +
a4
b2
γkiH˜∂y
)
(E¯jl − γjlΦ)
−[i↔ j] + [ik ↔ jl]− [k ↔ l]
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+Rmjkl(E
m
i − δ
m
i Φ) +Rimkl(E
m
j − δ
m
j Φ) +Rijml(E
m
k − δ
m
k Φ) +Rijkm(E
m
l − δ
m
l Φ)
+R˙ijkl
(
a
n
B +
a2
n2
E˙
)
−R′ijkl
(
a
b
E⊥ +
a2
b2
E′
)
, (F77)
δRij0M = ∇i
(
an(∂y + I˜ − H˜)Σ¯j − ba(∂η + U˜ − H˜)h¯j
)
− [i↔ j], (F78)
δRMijk = a
2∇j∂y(E¯ij − γijΦ) + a
2H˜γik∇jh+ ba∇j∇(ih¯k)
−
1
2
a2H˜γik
(
b
n
∇jΣ +
a
n
(∂y + I˜ − H˜)Σ¯j −
ba
n2
(∂η + U˜ − H˜)h¯j
)
−[j ↔ k]
+(RMi0k∇j +RMij0∇k)
(
a
n
B +
a2
n2
E˙
)
− (RMiMk∇j +RMijM∇k)
(
a
b
E⊥ +
a2
b2
E′
)
+Rlijk
(
∇lE′ −
b
a
h¯l
)
, (F79)
δR0M0M = −n
2(∂y − U˜)∂yΨ− 2n
2(∂y + I˜ − U˜)(I˜Ψ)− n
2I˜∂yh
−b2(∂η − I˜)∂ηh− 2b
2(∂η + U˜ − I˜)(U˜h)− b
2U˜∂ηΨ
+nb
(
∂η(
1
2∂y + I˜) + ∂y(
1
2∂η + U˜)
)
Σ
+(R˙0M0M + 2R0M0M∂η)
(
a
n
B +
a2
n2
E˙
)
− (R′0M0M + 2R0M0M∂y)
(
a
b
E⊥ +
a2
b2
E′
)
, (F80)
δRM0Mi = −b
2(∂η + U˜ − H˜)∇ih− b
2U˜∇iΨ+
1
2
nb(∂y + 2I˜ − H˜)∇iΣ
−
1
2
an(∂y + 2H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯i
)
+
1
2
ba(∂y + 2H˜ − I˜)
(
(∂η + U˜ − H˜)h¯i
)
+RM0M0∇i
(
a
n
B +
a2
n2
E˙
)
+Rj0Mi
(
Ej ′ −
b
a
h¯j
)
+RMjMi
(
E˙j −
n
a
Σ¯j
)
, (F81)
δRMiMj =
(
−b2∇ij + a
2H˜γij∂y +
b2a2
n2
H˜γij∂η
)
h+ 2
b2a2
n2
H˜U˜γij(Ψ + h)
−
ba2
n
γij(H˜∂y + H˜I˜ + U˜H˜)Σ−
b2a
n
U˜∇(iΣ¯j) + ba(∂y + H˜)∇(ih¯j)
+
(
a2(∂2y + (2H˜ − U˜)∂y)−
b2a2
n2
U˜∂η
)
(E¯ij − γijΦ)
(R˙MiMj + 2R0iMj∂η + 2RMi0j∂η)
(
a
n
B +
a2
n2
E˙
)
−(R′
MiMj + 2RMiMj∂y)
(
a
b
E⊥ +
a2
b2
E′
)
+RMkMj(E
k
i − δ
k
i ) +RMiMk(E
k
j − δ
k
j ). (F82)
9. Weyl tensor
Defining
E
(01)
ij = (∂η + U˜ − I˜)∂ηE¯ij +
n
a
(∂η + U˜ − H˜)∇(iΣ¯j), (F83)
E
(02)
ij = (H˜ − U˜)∂ηE¯ij +
n
a
(H˜ − U˜)∇(iΣ¯j), (F84)
E
(⊥1)
ij = (∂y + I˜ − U˜)∂yE¯ij +
b
a
(∂y + I˜ − H˜)∇(ih¯j), (F85)
E
(⊥2)
ij = (H˜ − I˜)∂yE¯ij +
b
a
(H˜ − I˜)∇(ih¯j), (F86)
X(0) = (∂η + U˜ − I˜)
(
(H˜ − U˜)(Ψ + h)− ∂η(h− Φ)
)
, (F87)
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X(⊥) = (∂y + I˜ − U˜)
(
(H˜ − I˜)(Ψ + h)− ∂y(Φ + Ψ)
)
, (F88)
X(∗) = (∂η∂y + (I˜ − H˜)∂η + (U˜ − H˜)∂y +
˙˜I − ˙˜H + U˜ ′ − H˜′)Σ. (F89)
δC0i0j = −n
2
(
∇ij −
1
N
∇2γij
)(
N − 1
N
(Φ + Ψ) +
1
N
(h− Φ)
)
−n2
N − 1
N2(N + 1)
γij
(
∇2 +KN
)
(2Φ + Ψ− h)
+C0i0j(Ψ + h) + n
2 1
N
(∇2 − 2K)E¯ij
−
N − 1
N(N + 1)
γij
(
a2X(0) +
a2n2
b2
X(⊥) +
a2n
b
X(∗)
)
+a2
(
N − 1
N
E
(01)
ij + E
(02)
ij
)
+
a2n2
b2
(
1
N
E
(⊥1)
ij + E
(⊥2)
ij
)
(C˙0i0j + 2C0i0j∂η)
(
a
n
B +
a2
n2
E˙
)
− (C′0i0j + CMi0j∂η + C0iMj∂η)
(
a
b
E⊥ +
a2
b2
E′
)
+C0k0j(E
k
i − δ
k
i Φ) + C0i0k(E
k
j − δ
k
jΦ), (F90)
δC0ijk =
1
N
γik∇j
(
a2∂η(h− Φ) + a
2(U˜ − H˜)(Ψ + h)−
a2n
b
(12∂y + I˜ − H˜)Σ
)
+
1
2
1
N
γik
(
a3n
b2
(∂y + H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯j
)
−
a3
b
(∂y + H˜ − I˜)
(
(∂η + U˜ − H˜)h¯j
))
+
1
2
1
N
γikan(∇
2 +K(N − 1))Σ¯j + an∇j∇(iΣ¯k) + a
2∇j
˙¯
Eik
−[j ↔ k]
+(C0i0k∇j + C0ij0∇k)
(
a
n
B +
a2
n2
E˙
)
− (C0iMk∇j + C0ijM∇k)
(
a
b
E⊥ +
a2
b2
E′
)
+Clijk
(
∇lE˙ −
n
a
Σ¯l
)
, (F91)
δC0i0M = −
N − 1
N
n2∇i
(
∂y(Φ + Ψ) + (I˜ − H˜)(h+Ψ)
)
+
N − 1
N
nb
(
1
2∂u + U˜ − H˜
)
∇iΣ
−
1
2
1
N
n2b
a
(∇2 +K(N − 1))h¯i
+
1
2
N − 1
N
(
an(∂η + H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯i
)
− ba(∂η + H˜ − I˜)
(
(∂η + U˜ − H˜)h¯i
))
−C0M0M∇i
(
a
b
E⊥ +
a2
b2
E′
)
+ CjM0i
(
E˙j −
n
a
Σ¯j
)
+ C0j0i
(
Ej ′ −
b
a
h¯j
)
, (F92)
δC0iMj = −
1
2
nb
(
∇ij −
1
N
∇2γij
)
Σ−
1
N
a2
nb
C0M0MγijΣ
+
1
2
an(∂y + H˜ − I˜)∇(iΣ¯j) +
1
2
ba(∂η + H˜ − U˜)∇(ih¯j)
+a2
(
(12∂y + H˜ − I˜)∂η + (
1
2∂η + H˜ − U˜)∂y
)
E¯ij
+(C˙0iMj + C0iMj∂η + C0i0j∂y)
(
a
n
B +
a2
n2
E˙
)
− (C′0iMj + C0iMj∂y + CMiMj∂η)
(
a
b
E⊥ +
a2
b2
E′
)
+C0kMj(E
k
i − δ
k
i Φ) + C0iMk(E
k
j − δ
k
jΦ), (F93)
δCijkl = −
1
N
a2
(
∇ik −
1
N
∇2γik
)
γjl(2Φ + Ψ− h)
−
1
N2(N + 1)
a2γikγjl
(
∇2 +KN
)
(2Φ + Ψ− h)
+Cijkl(h−Ψ) + a
2
(
∇ki +Kγki −
1
N
γki(∇
2 − 2K)
)
E¯jl
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−
1
N(N + 1)
γikγjl
(
a4
n2
X(0) +
a4
b2
X(⊥) +
a4
nb
X(∗)
)
+
a4
n2
1
N
γikE
(01)
jl −
a4
b2
1
N
γikE
(⊥1)
jl
−[i↔ j] + [ik ↔ jl]− [k ↔ l]
+Cmjkl(E
m
i − δ
m
i Φ) + Cimkl(E
m
j − δ
m
j Φ) + Cijml(E
m
k − δ
m
k Φ) + Cijkm(E
m
l − δ
m
l Φ)
+C˙ijkl
(
a
n
B +
a2
n2
E˙
)
− C′ijkl
(
a
b
E⊥ +
a2
b2
E′
)
, (F94)
δCij0M = ∇i
(
an(∂y + I˜ − H˜)Σ¯j − ba(∂η + U˜ − H˜)h¯j
)
− [i↔ j], (F95)
δCMijk = −
1
N
γik∇j
(
a2∂y(Φ + Ψ) + a
2(I˜ − H˜)(Ψ + h)−
ba2
n
(12∂η + U˜ − H˜)Σ
)
+
1
2
1
N
γik
(
a3
n
(∂η + H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯j
)
−
ba3
n2
(∂η + H˜ − I˜)
(
(∂η + U˜ − H˜)h¯j
))
+
1
2
1
N
γikba(∇
2 +K(N − 1))h¯j + ba∇j∇(ih¯k) + a
2∇jE¯
′
ik
−[j ↔ k]
+(CMi0k∇j + CMij0∇k)
(
a
n
B +
a2
n2
E˙
)
− (CMiMk∇j + CMijM∇k)
(
a
b
E⊥ +
a2
b2
E′
)
+Clijk
(
∇lE′ −
b
a
h¯l
)
, (F96)
δC0M0M =
n2b2
a2
N − 1
N(N + 1)
(
∇2 +KN
)
(2Φ + Ψ− h)
+
N − 1
N + 1
(
b2X(0) + n2X(⊥) + nbX(∗)
)
+(C˙0M0M + 2C0M0M∂η)
(
a
n
B +
a2
n2
E˙
)
− (C′0M0M + 2C0M0M∂y)
(
a
b
E⊥ +
a2
b2
E′
)
, (F97)
δCM0Mi =
N − 1
N
b2∇i
(
∂η(Φ− h) + (H˜ − U˜)(Ψ + h) + (
1
2∂y + I˜ − H˜)Σ
)
+
1
2
1
N
nb2
a
(∇2 +K(N − 1))Σ¯i
−
1
2
N − 1
N
(
an(∂y + H˜ − U˜)
(
(∂y + I˜ − H˜)Σ¯i
)
− ba(∂y + H˜ − I˜)
(
(∂η + U˜ − H˜)h¯i
))
+CM0M0∇i
(
a
n
B +
a2
n2
E˙
)
+ Cj0Mi
(
Ej ′ −
b
a
h¯j
)
+ CMjMi
(
E˙j −
n
a
Σ¯j
)
, (F98)
δCMiMj = −b
2
(
∇ij −
1
N
∇2γij
)(
N − 1
N
(h− Φ) +
1
N
(Φ + Ψ)
)
+b2
N − 1
N2(N + 1)
γij
(
∇2 +KN
)
(2Φ + Ψ− h)
−CMiMj(Ψ + h)− b
2 1
N
(∇2 − 2K)E¯ij
+
N − 1
N(N + 1)
γij
(
b2a2
n2
X(0) + a2X(⊥) +
ba2
n
X(∗)
)
+
b2a2
n2
(
1
N
E
(01)
ij + E
(02)
ij
)
+ a2
(
N − 1
N
E
(⊥1)
ij + E
(⊥2)
ij
)
+(C˙MiMj + 2CMiMj∂η)
(
a
n
B +
a2
n2
E˙
)
− (C′
MiMj + 2CMiMj∂y)
(
a
b
E⊥ +
a2
b2
E′
)
+CMkMj(E
k
i − δ
k
i Φ) + CMiMk(E
k
j − δ
k
jΦ). (F99)
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APPENDIX G: PERTURBED MATTER CONTENT
1. Unit vectors
δuα =
(
−
1
n
A,0, 0
)
, (G1)
δuα = (nA, aBi, bB⊥) , (G2)
δnα =
(
0,0,−
1
b
E⊥⊥
)
, (G3)
δnα = (−nB⊥,−aE⊥i,−bE⊥⊥) , (G4)
δUα =
(
1
n
γ(βw −A− βB⊥),
1
a
vi0,
1
b
γ(w + βE⊥⊥)
)
, (G5)
δUα =
(
nγ(βw +A),−a(v0i − γBi − βγE⊥i),−bγ(w −B⊥ − βE⊥⊥)
)
, (G6)
δNα =
(
1
n
γ(−w + βA+B⊥),
1
a
f i0,−
1
b
γ(E⊥⊥ + βw)
)
, (G7)
δNα =
(
−nγ(w + βA),−a(f0i + βγBi + γE⊥i), bγ(βw − E⊥⊥ − βB⊥)
)
, (G8)
with
uµU
µ = γ, (G9)
δ(uµU
µ) = δγ, (G10)
w =
δγ
βγ
=
δ(βγ)
γ
, (G11)
w
β
=
δβ
β
+
δγ
γ
=
δ(βγ)
βγ
, (G12)
γw = δ(βγ), (G13)
v0i = ∇iv0 + v¯
0
i , (G14)
f0i = ∇if0 + f¯
0
i . (G15)
Since nα + δnα is not orthogonal to uα + δuα, one does not have δ(nµU
µ) = δ(βγ), but rather δ(nµU
µ) = δ(βγ) +
(Uµuµ)δ(n
νuν).
2. Gauge transformation
v0 → v0 −
a
n
γL˙−
a
b
βγL′, (G16)
v¯0i → v¯
0
i −
a
n
γ ˙¯Li −
a
b
βγL¯i
′, (G17)
f0 → f0 +
a
n
βγL˙+
a
b
γL′, (G18)
f¯0i → f¯
0
i +
a
n
βγ ˙¯Li +
a
b
γL¯i
′, (G19)
w → w +
γ˙
βγ
T +
γ′
βγ
L⊥ −
b
n
L˙⊥, (G20)
δX0 → δX0 + X˙0T +X
′
0L
⊥, (G21)
where X0 is any (N + 2)-scalar quantity (density ρ0, pressure P0, etc). Note: γ, β, ρ, Y , F are not scalars as they
are defined through the vector fields uα, nα which specifically depend on a coordinate choice.
3. Gauge invariant quantities
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v♯0 = v0 +
a
n
γE˙ +
a
b
βγE′, (G22)
v¯0i
♯ = v¯0i +
a
n
γ ˙¯Ei +
a
b
βγE¯i
′, (G23)
f ♯0 = f0 −
a
n
βγE˙ −
a
b
γE′, (G24)
f¯0i
♯ = f¯0i −
a
n
βγ ˙¯Ei −
a
b
γE¯i
′, (G25)
w♯ = w −
γ˙
βγ
(
a
n
B +
a2
n2
E˙
)
+
γ′
βγ
(
a
b
E⊥ +
a2
b2
E′
)
−
b
n
∂η
(
a
b
E⊥ +
a2
b2
E′
)
= w −
∂η(βγ)
γ
(
a
n
B +
a2
n2
E˙
)
+
(βγ)
γ
′(
a
b
E⊥ +
a2
b2
E′
)
−
b
n
∂η
(
a
b
E⊥ +
a2
b2
E′
)
, (G26)
δX♯0 = δX0 − X˙0
(
a
n
B +
a2
n2
E˙
)
+X ′0
(
a
b
E⊥ +
a2
b2
E′
)
. (G27)
It is useful to define
v♯ ≡ γv♯0 + βγf
♯
0, (G28)
v¯♯i ≡ γv¯
0
i
♯ + βγf¯0i
♯, (G29)
f ♯ ≡ βγv♯0 + γf
♯
0, (G30)
f¯ ♯i ≡ βγv¯
0
i
♯ + γf¯0i
♯. (G31)
4. Stress-energy tensor
δTαβ = δ((P0 + ρ0)UαUβ)− δ((P0 − Y0)NαNβ)− δ(P0gαβ) + παβ . (G32)
παµU
µ = 0, (G33)
παµN
µ = 0, (G34)
π0α = 0, (G35)
πMα = 0, (G36)
πij = a
2Πij = a
2
((
∇ij −
1
N
∇2γij
)
Π+∇(iΠ¯j) + Π¯ij
)
, (G37)
δT00 = n
2γ2(δρ0 + β
2δY0 + 2A(ρ0 + β
2Y0) + 2β(Y0 + ρ0)w)
= n2
(
δρ♯ + 2ρΨ
)
+(T˙00 + 2T00∂η)
(
a
n
B +
a2
n2
E˙
)
− (T ′00 + 2T0M∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (G38)
δT0i = −an((P0 + ρ0)γv
0
i − (Y0 − P0)βγf
0
i − γ
2(ρ0 + β
2Y0)Bi − (ρ0 + Y0)E⊥i)
= −an
(
(P + ρ)v♯i − Ff
♯
i
)
+
a
n
T00Σ¯i −
a
b
T0M h¯i
+T00∇i
(
a
n
B +
a2
n2
E˙
)
− T0M∇i
(
a
b
E⊥ +
a2
b2
E′
)
+ TijE˙
j , (G39)
δTij = a
2(δP0γij +Πij + 2P0(Cγij + Eij))
= a2γijδP
♯ + a2Πij
+T˙ij
(
a
n
B +
a2
n2
E˙
)
− T ′ij
(
a
b
E⊥ +
a2
b2
E′
)
+ 2Tk(i(E
k
j) − δ
k
j)Φ), (G40)
δT0M = −nbγ
2
(
β(δY0 + δρ0) + (Y0 + ρ0)(1 + β
2)w + β(Y0 + ρ0)(A− E⊥⊥)− (ρ0 + β
2Y0)B⊥
)
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= −nb
(
δF ♯ + F (Ψ− h)− ρΣ
)
+(T˙0M + T0M∂η + T00∂y)
(
a
n
B +
a2
n2
E˙
)
− (T ′0M + T0M∂y + TMM∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (G41)
δTiM = ba
(
γ(P0 − Y0)f
0
i + βγ(P0 + ρ0)v
0
i − γ
2(Y0 + β
2ρ0)E⊥i − βγ
2(ρ0 + Y0)Bi
)
= ba
(
Fv♯i + (P − Y )f
♯
i
)
+
a
n
T0MΣ¯i −
a
b
TMM h¯i
+T0M∇i
(
a
n
B +
a2
n2
E˙
)
− TMM∇i
(
a
b
E⊥ +
a2
b2
E′
)
+ TijE
j ′, (G42)
δTMM = b
2γ2
(
(δY0 + β
2δρ0) + 2β(Y0 + ρ0)w − 2(Y0 + β
2ρ0)E⊥⊥ − 2β(Y0 + ρ0)B⊥
)
= b2
(
δY ♯ − 2Y h− 2FΣ
)
+(T˙MM + 2T0M∂y)
(
a
n
B +
a2
n2
E˙
)
− (T ′
MM
+ 2TMM∂y)
(
a
b
E⊥ +
a2
b2
E′
)
. (G43)
δT 00 =
1
n2
(
δρ♯ − 2ρΨ− 2FΣ
)
+(T˙ 00 − 2T 00∂η − 2T
0M∂y)
(
a
n
B +
a2
n2
E˙
)
− T 00′
(
a
b
E⊥ +
a2
b2
E′
)
, (G44)
δT 0i =
1
an
(
(P + ρ)vi♯ − Ff
i
♯
)
−
a
n
T ijΣ¯j
−T ij∇j
(
a
n
B +
a2
n2
E˙
)
− (T 00∂η + T
0M∂y)E
i, (G45)
δT ij =
1
a2
(
δP ♯γij +Πij
)
+T˙ ij
(
a
n
B +
a2
n2
E˙
)
− T ij ′
(
a
b
E⊥ +
a2
b2
E′
)
− 2T k(i(E
j)
k − δ
j)
k Φ), (G46)
δT 0M =
1
nb
(
δF ♯ + F (h−Ψ)− Y Σ
)
+(T˙ 0M − T 0M∂η − T
MM∂y)
(
a
n
B +
a2
n2
E˙
)
− (T 0M ′ − T 0M∂y − T
00∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (G47)
δT iM =
1
ba
(
Fvi♯ + (P − Y )f
i
♯
)
+
a
b
T ij h¯j
+T ij∇j
(
a
b
E⊥ +
a2
b2
E′
)
− (T 0M∂η + T
MM∂y)E
i, (G48)
δTMM =
1
b2
(
δY ♯ + 2Y h
)
+T˙MM
(
a
n
B +
a2
n2
E˙
)
− (TMM ′ − 2TMM∂y − 2T
0M∂η)
(
a
b
E⊥ +
a2
b2
E′
)
. (G49)
5. An example: a scalar field
ρ0 =
1
2
DµφD
µφ+ V
=
1
2
(
φ˙2
n2
−
φ′2
b2
)
+ V, (G50)
P0 =
1
2
DµφD
µφ− V
=
1
2
(
φ˙2
n2
−
φ′2
b2
)
− V, (G51)
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Y0 = P0, (G52)
Uα =
Dαφ
±
√
DµφDµφ
, (G53)
γ =
1√
1−
n2
b2
φ′2
φ˙2
, (G54)
βγ = −
n
b
φ′
φ˙
1√
1−
n2
b2
φ′2
φ˙2
, (G55)
β = −
n
b
φ′
φ˙
, (G56)
with the ± sign determined by the condition U0 ≥ 0.
ρ =
1
2
(
φ˙2
n2
+
φ′2
b2
)
+ V, (G57)
P =
1
2
(
φ˙2
n2
−
φ′2
b2
)
− V, (G58)
Y =
1
2
(
φ˙2
n2
+
φ′2
b2
)
− V, (G59)
F = −
φ˙
n
φ′
b
. (G60)
δρ♯0 =
φ˙ ˙δφ♯
n2
−
φ′δφ♯′
b2
−
φ˙2
n2
Ψ−
φ′2
b2
h+
φ˙
n
φ′
b
Σ +
dV
dφ
δφ♯, (G61)
δP ♯0 =
φ˙ ˙δφ♯
n2
−
φ′δφ♯′
b2
−
φ˙2
n2
Ψ−
φ′2
b2
h+
φ˙
n
φ′
b
Σ−
dV
dφ
δφ♯, (G62)
δρ♯ = (P + ρ)
(
˙δφ♯
φ˙
−Ψ
)
+ (Y − P )
(
δφ♯′
φ′
+ h
)
+ FΣ +
dV
dφ
δφ♯, (G63)
δY ♯ = (P + ρ)
(
˙δφ♯
φ˙
−Ψ
)
+ (Y − P )
(
δφ♯′
φ′
+ h
)
+ FΣ−
dV
dφ
δφ♯, (G64)
δP ♯ = (P + ρ)
(
˙δφ♯
φ˙
−Ψ
)
− (Y − P )
(
δφ♯′
φ′
+ h
)
− FΣ−
dV
dφ
δφ♯, (G65)
δF ♯ = (P + ρ)Σ + F
(
˙δφ♯
φ˙
−Ψ+
δφ♯′
φ′
+ h
)
, (G66)
av♯0 = −n
δφ♯
φ˙√
1−
n2
b2
φ′2
φ˙2
, (G67)
v¯0i
♯ = γΣ¯i + βγh¯i, (G68)
af ♯0 = −βav
♯
0, (G69)
f¯0i
♯ = −γh¯i − βγΣ¯i, (G70)
w = βγ2
(
A+ E⊥⊥ +
δφ′
φ′
−
˙δφ
φ˙
)
+ γ2B⊥, (G71)
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w♯ = βγ2
(
Ψ+ h+
δφ♯′
φ′
−
˙δφ♯
φ˙
)
+ γ2Σ, (G72)
πij = 0. (G73)
Here, the components f i0 are arbitrary as the eigenvalues P0 and Y0 are degenerate. The expression chosen here is
purely for convenience in order to simplify the following untilded components.
av♯ = −n
δφ♯
φ˙
, (G74)
v¯♯i = Σ¯i, (G75)
af ♯ = 0, (G76)
f¯ ♯i = −h¯i. (G77)
6. Interaction term
δQ0 =
1
n
(
δΓ♯ − ΓΨ−DΣ
)
+(Q˙0 −Q0∂η −Q
⊥∂y)
(
a
n
B +
a2
n2
E˙
)
−Q0′
(
a
b
E⊥ +
a2
b2
E′
)
, (G78)
δQi =
1
a
Qi♯ − (Q
0∂η +Q
⊥∂y)E
i, (G79)
δQ⊥ =
1
b
(
δD♯ +Dh
)
+Q˙⊥
(
a
n
B +
a2
n2
E˙
)
− (Q⊥′ −Q⊥∂y −Q
0∂η)
(
a
b
E⊥ +
a2
b2
E′
)
, (G80)
with
Q♯i = ∇iQ
♯ + Q¯♯i . (G81)
7. Conservation equations
(∂u +NH+ 2U)(δρ
♯ − FΣ) +NHδP ♯ + U(δY ♯ − δρ♯)
+(∂n +NH + 2I)
(
δF ♯ + F (Ψ + h)
)
+∆
(
(P + ρ)av♯ − Faf ♯
)
−N(P + ρ)∂uΦ− (ρ+ Y )∂uh− F∂uΣ+ F∂n(Ψ − h−NΦ) = δΓ
♯ + ΓΨ, (G82)
(∂u +NH+ U)
(
(P + ρ)av♯ − Faf ♯
)
+(∂n +NH + I)
(
Fav♯ + (P − Y )af ♯
)
+δP ♯ +
N − 1
N
(∆ +NK)a2Π+ (P + ρ)Ψ + (Y − P )h+ FΣ = aQ♯, (G83)
(∂u +NH+ 2U)
(
δF ♯ − F (Ψ + h)− (ρ+ Y )Σ
)
+(∂n +NH + 2I)(δY
♯ − FΣ)−NHδP ♯ − I(δY ♯ − δρ♯)
+∆
(
Fav♯ + (P − Y )af ♯
)
+F∂u(Ψ− h−NΦ) +N(P − Y )∂nΦ+ (ρ+ Y )∂nΨ+ F∂nΣ = δD
♯ −Dh− ΓΣ, (G84)
(∂u + (N + 1)H+ U)
(
(P + ρ)(v¯♯i − Σ¯i)− F (f¯
♯
i + h¯i)
)
+(∂n + (N + 1)H + I)
(
F (v¯♯i − Σ¯i) + (P − Y )(f¯
♯
i + h¯i)
)
+
1
2
(∆ + (N − 1)K) aΠ¯i = Q¯
♯
i −Dh¯i − ΓΣ¯i. (G85)
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8. Einstein equations
∆((N − 1)Φ + h) +KN(N − 1)Φ
−N
((
(N − 1)H2 + 2HU
)
Ψ+H∂uh+ ((N − 1)H+ U) ∂uΦ
)
−N
(
H∂n + (N + 1)H
2
)
h− 2Nh∂nH
+N(∂n + (N + 1)H)∂nΦ
+N (∂n +NH + I) (HΣ) = κN+2
(
δρ♯ − FΣ
)
, (G86)
1
2
(∂n + (N − 2)H + 2I)Σ
−(U + (N − 1)H)Ψ− (∂u + U −H)h− (N − 1)∂uΦ = κN+2
(
(P + ρ)av♯ − Faf ♯
)
, (G87)
−K(N − 1)(N − 2)Φ
+
(
2(U + (N − 1)H)(∂u + U) +N(N − 1)H
2
)
Ψ
+2Ψ∂u(U + (N − 1)H)
+
(
2(I + (N − 1)H)(∂n + I) +N(N − 1)H
2
)
h
+2h∂n(I + (N − 1)H)
+(∂u + U)∂u(h+ (N − 1)Φ)
−(U + (N − 1)H)∂u(Ψ − h−NΦ)
+(∂n + I)∂n(Ψ− (N − 1)Φ)
+(I + (N − 1)H)∂n(Ψ − h−NΦ)
− 12 (∂n∂u + ∂u∂n + I∂u + U∂n)Σ
− ((U + (N − 1)H)∂n + (I + (N − 1)H)∂u)Σ
−Σ ((∂n + I)(U + (N − 1)H) + (∂u + U)(I + (N − 1)H))
−N (U∂u − I∂n)Φ−N(N − 1)HHΣ = κN+2
(
δP ♯ +
N − 1
N
∇2Π
)
, (G88)
NΦ− (Φ + Ψ) + (h− Φ) = κN+2a
2Π, (G89)
−N ((∂u∂n + (H − I)∂u +H∂n)Φ +H∂nΨ−H∂uh)
−
1
2
∆Σ−NΣ(∂uH+H
2 −HU) = κN+2
(
δF ♯ + F (Ψ− h)
)
, (G90)
1
2
(∂u + (N − 2)H+ 2U)Σ
−(∂n + I −H)Ψ− ((N − 1)H + I)h+ (N − 1)∂nΦ = κN+2
(
Fav♯ + (P − Y )af ♯
)
, (G91)
− (∆((N − 1)Φ−Ψ) +KN(N − 1)Φ)
+N
(
H∂u + (N + 1)H
2
)
Ψ+ 2NΨ∂uH
+N (∂u + (N + 1)H) ∂uΦ
+N
(
(H∂n)Ψ +
(
(N − 1)H2 + 2HI
)
h− ((N − 1)H∂n + I∂n)Φ
)
−N (∂u +NH+ U) (HΣ) = κN+2
(
δY ♯ − FΣ
)
, (G92)
−
1
2
(∆ + (N − 1)K)Σ¯i
−
1
2
(∂n + (N + 1)H)
(
(∂n + I −H)Σ¯i
)
+
1
2
(∂n + (N + 1)H)
(
(∂u + U −H)h¯i
)
= κN+2
(
(P + ρ)(v¯♯i − Σ¯i)− F (f¯
♯
i + h¯i)
)
, (G93)
(∂u + (N − 1)H+ U) Σ¯i − (∂n + (N − 1)H + I) h¯i = κN+2aΠ¯i, (G94)
1
2
(∆ + (N − 1)K)h¯i
+
1
2
(∂u + (N + 1)H)
(
(∂n + I −H)Σ¯i
)
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−
1
2
(∂u + (N + 1)H)
(
(∂u + U −H)h¯i
)
= κN+2
(
F (v¯♯i − Σ¯i) + (P − Y )(f¯
♯
i + h¯i)
)
, (G95)
− (∆− 2K)E¯ij + (∂u +NH+ U) ∂uE¯ij − (∂n +NH + I) ∂nE¯ij = κN+2Π¯ij . (G96)
APPENDIX H: PERTURBED BRANE-RELATED QUANTITIES
1. Brane position
X0 = σ0 + ζ0(σa), (H1)
X i = σi + ζi(σa), (H2)
XM = yb + ǫ(σ
a). (H3)
Under an infinitesimal coordinate change, the brane position ǫ transforms into
ǫ→ ǫ− L⊥. (H4)
2. Normal vector to the brane
(⊥µ + δ ⊥µ)
∂Xµ
∂σa
= 0, (H5)
δ ⊥α =
(
1
n
(
B⊥ −
b
n
ǫ˙
)
,
1
a
(
b
a
∇iǫ− Ei⊥
)
,−
1
b
E⊥⊥
)
, (H6)
δ ⊥α =
(
−n
b
n
ǫ˙,−a
b
a
∇iǫ,−bE⊥⊥
)
. (H7)
Since ⊥α plays the same role for the brane as Nα for a bulk component, this means that formally, the quantities w,
fi can be defined for the brane (we will note them w and f i respectively) at y = yb,
w =
b
n
ǫ˙, (H8)
f
i
+ E⊥i =
b
a
∇iǫ, (H9)
(H10)
or, equivalently,
w♯ =
b
n
ǫ˙♯, (H11)
f ♯ =
b
a
ǫ♯, (H12)
f¯
♯
i
= −h¯i. (H13)
3. Induced metric
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δq00 = 2n
2(A+ I˜ǫ), (H14)
δq0i = anBi, (H15)
δqij = −2a
2(C + H˜ǫ)γij − 2a
2Eij , (H16)
δq0M = nb
(
B⊥ −
b
n
ǫ˙
)
, (H17)
δqiM = ba
(
E⊥i −
b
a
∇iǫ
)
, (H18)
δqMM = 0. (H19)
4. First Israel condition
[A] +
[
I˜
]
ǫ = 0, (H20)
[Bi] = 0, (H21)
[C] +
[
H˜
]
ǫ = 0, (H22)
[Ei] = 0, (H23)[
E¯ij
]
= 0, (H24)[(
a
n
B +
a2
n2
E˙
)]
= 0. (H25)
Or, equivalently
[Ψ] = −
[
I˜ǫ− I˜
(
a
b
E⊥ +
a2
b2
E′
)]
, (H26)
[Φ] =
[
H˜ǫ− H˜
(
a
b
E⊥ +
a2
b2
E′
)]
, (H27)[
Σ¯i
]
= 0, (H28)[
E¯ij
]
= 0. (H29)
With,
Ψ = A− (∂η + I˜)
(
a
n
B +
a2
n2
E˙
)
+ I˜ǫ = Ψ+ I˜
(
ǫ−
(
a
b
E⊥ +
a2
b2
E′
))
, (H30)
Φ = −C + H˜
(
a
n
B +
a2
n2
E˙
)
− H˜ǫ = Φ− H˜
(
ǫ−
(
a
b
E⊥ +
a2
b2
E′
))
, (H31)
one has
δq00 = 2n
2Ψ+ (q˙
00
+ 2q00∂η)
(
a
n
B +
a2
n2
E˙
)
, (H32)
δq0i = −
n
a
qijΣ¯
j + q00∇i
(
a
n
B +
a2
n2
E˙
)
+ qijE˙
j , (H33)
δqij = 2qk(i
(
Ekj) − δ
k
j)Φ
)
, (H34)
E⊥⊥ → E⊥⊥ − U˜T −
1
b
(bL⊥)′, (H35)
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therefore [
L⊥
]
= 0, (H36)[
bL⊥
]
= 0. (H37)
Then,
[b] 6= 0⇒ L⊥(y = yb) = 0, (H38)
[bǫ] = 0. (H39)
bB⊥ −
b2
n
ǫ → bB⊥ −
b2
n
ǫ+ nT ′, (H40)
bE⊥i −
b2
a
∇iǫ → bE⊥i −
b2
a
∇iǫ− aL
′
i, (H41)
and
[bB⊥]−
[
b2
n
]
ǫ˙ = [bB⊥] = 0, (H42)
[bE⊥i]−
[
b2
a
]
∇iǫ = [bE⊥i] ǫ = 0, (H43)
therefore
[T ′] = 0, (H44)[
Li′
]
= 0. (H45)
5. New brane-related gauge invariant quantities
At the brane position (or on both sides of the brane),
ǫ♯ ≡ ǫ−
(
a
b
E⊥ +
a2
b2
E′
)
, (H46)
Σ ≡ B⊥ −
n
b
∂y
(
a
n
B +
a2
n2
E˙
)
−
b
n
∂ηǫ = Σ−
b
n
∂ηǫ
♯, (H47)
h ≡ E⊥⊥ + U˜
(
a
n
B +
a2
n2
E˙
)
− U˜ ǫ = h−
1
b
∂y(bǫ
♯), (H48)
Ψ′ ≡ A′ − ∂y(∂η + I˜)
(
a
n
B +
a2
n2
E˙
)
+ I˜ ′ǫ = Ψ′ + I˜ ′ǫ♯ − I˜
(
a
b
E⊥ +
a2
b2
E′
)′
, (H49)
Φ′ ≡ −C′ + (H˜∂y + H˜
′)
(
a
n
B +
a2
n2
E˙
)
− H˜ ′ǫ = Ψ′ − H˜ ′ǫ♯ + H˜
(
a
b
E⊥ +
a2
b2
E′
)′
, (H50)
∂nΨ ≡
1
b
Ψ′, (H51)
∂nΦ ≡
1
b
Φ′. (H52)
〈
bǫ♯
〉
≡ Υ, (H53)[
bǫ♯
]
≡ −Ξ. (H54)
[Ψ] = −
[
I˜
b
]
Υ+
〈
I˜
b
〉
Ξ, (H55)
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[Φ] =
[
H˜
b
]
Υ−
〈
H˜
b
〉
Ξ, (H56)
[Σ] = [Σ]−
1
n
(
∂η −
〈
U˜
〉)
Ξ−
1
n
[
U˜
]
Υ, (H57)
[h] = [h] +
[
∂y
b
Υ
]
, (H58)
〈Ψ〉 = Ψ−
〈
I˜
b
〉
Υ+
1
4
[
I˜
b
]
Ξ, (H59)
〈Φ〉 = Φ+
〈
H˜
b
〉
Υ−
1
4
[
H˜
b
]
Ξ, (H60)
〈Σ〉 = 〈Σ〉+
1
n
(
∂η −
〈
U˜
〉)
Υ+
1
4
1
n
[
U˜
]
Ξ, (H61)
〈h〉 = 〈h〉+
〈
∂y
b
Υ
〉
, (H62)
where the terms ∂yΥ are defined by setting ǫ constant.
6. Extrinsic curvature
δK00 = n(∂η + U˜)
(
Σ−
b
n
ǫ˙+
b
n
∂η
(
a
b
E⊥ +
a2
b2
E′
))
−
n2
b
(Ψ′ + I˜h) + 2K00Ψ+K
′
00ǫ
+(K˙00 + 2K00∂η)
(
a
n
B +
a2
n2
E˙
)
−K′00
(
a
b
E⊥ +
a2
b2
E′
)
= n(∂η + U˜)Σ−
n2
b
(Ψ′ + I˜h) + 2K00Ψ+ (K˙00 + 2K00∂η)
(
a
n
B +
a2
n2
E˙
)
, (H63)
δK0i =
1
2
nΣ− (∂η − H˜)
(
bǫ− b
(
a
b
E⊥ +
a2
b2
E′
))
+
1
2
a(∂η + U˜ − H˜)h¯i −
1
2
an
b
(∂y + H˜ − I˜)Σ¯i +
a
n
K00Σ¯i
+K00∇i
(
a
n
B +
a2
n2
E˙
)
+KijE˙
j
=
1
2
nΣ− (12∂η +
1
2 U˜ − H˜)
(
bǫ♯
)
+
1
2
a(∂η + U˜ − H˜)h¯i −
1
2
an
b
(∂y + H˜ − I˜)Σ¯i
+
a
n
K00Σ¯i +K00∇i
(
a
n
B +
a2
n2
E˙
)
+KijE˙
j , (H64)
δKij =
a2
n
γijH˜
(
b
n
ǫ˙−
b
n
∂η
(
a
b
E⊥ +
a2
b2
E′
)
− Σ
)
−
a2
b
γij(Φ
′ − H˜h)
−∇ij
(
bǫ− b
(
a
b
E⊥ +
a2
b2
E′
))
+ a∇(ih¯j) +
a2
b
E¯
′
ij +K
′
ijǫ
+K˙ij
(
a
n
B +
a2
n2
E˙
)
−K′ij
(
a
b
E⊥ +
a2
b2
E′
)
+ 2Kk(i(E
k
j) − δ
k
j)Φ)
= −
a2
n
γijH˜Σ−
a2
b
γij(Φ
′ − H˜h)−∇ij(bǫ
♯) + a∇(ih¯j) +
a2
b
E¯
′
ij
+K˙ij
(
a
n
B +
a2
n2
E˙
)
+ 2Kk(i(E
k
j) − δ
k
j)Φ), (H65)
δK0M = K
0
0δq0M , (H66)
δKiM = K
j
i δqjM , (H67)
δKM finN = 0. (H68)
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7. Sαβ tensor
The perturbed stress-energy tensor on the brane is given in Eqns (6.80–6.85). Formally, for any quantity X defined
on the brane, the quantity DX is a bulk scalar. The quantity D is also a scalar quantity of the bulk since one is
allowed to consider the case X = constant. Its perturbation is
δD = DE⊥⊥ − ǫ(∂y + U˜)D. (H69)
Note that this derivation is a bit formal: since E⊥⊥ and h can be discontinuous, this expression and the next one are
ill-defined, even in the case where b is continuous. But again, all the pathological terms cancel each other when one
writes the Einstein equations, so that we consider that this is not a serious problem. Using the formula (G21), it is
possible to build the gauge invariant counterparts of both δD and δX:
δD♯ = Dh−D′ǫ♯, (H70)
δX♯ = δX − X˙
(
a
n
B +
a2
n2
E˙
)
. (H71)
This last quantity is invariant under any infinitesimal reparametrization of the σa. Equivalently, one has, us-
ing (G22,G23), as well as the fact that γ = 1 for the brane,
v♯ = v +
a
n
E˙, (H72)
v¯♯i = v¯i +
a
n
˙¯Ei. (H73)
With these definitions,
δS00 = n
2
(
N − 1
N
δρ♯ + δP ♯
)
+2S00Ψ+ (S˙00 + 2S00∂η)
(
a
n
B +
a2
n2
E˙
)
, (H74)
δS0i = −an(P + ρ)v
♯
i
+
a
n
S00Σ¯i + S00∇i
(
a
n
B +
a2
n2
E˙
)
+ SijE˙
j , (H75)
δSij = a
2Πij + a
2 1
N
δρ♯γij
+S˙ij
(
a
n
B +
a2
n2
E˙
)
+ 2Sk(i(E
k
j) − δ
k
j)Φ), (H76)
δS0M = S
0
0δq0M , (H77)
δSiM = S
j
i δqjM , (H78)
δSMM = 0. (H79)
8. Second Israel condition
−∆Ξ+N [∂nΦ−Hh] +NH [Σ] = κN+2δρ
♯, (H80)
1
2
[
Σ− (∂u + U − 2H)(bǫ
♯)
]
= κN+2(P + ρ)av
♯, (H81)
[∂nΨ+ Ih]− [(∂u + U)Σ] = κN+2
(
δP ♯ +
N − 1
N
δρ♯
)
, (H82)
−Ξ = κN+2a
2Π, (H83)
−
1
2
[∂n + I −H ] Σ¯i +
1
2
[
(∂u + U −H)h¯i
]
= κN+2(P + ρ)(v
♯
i − Σ¯i), (H84)
−
[
h¯i
]
= κN+2aΠ¯i, (H85)
67
−
[
∂nE¯ij
]
= κN+2Π¯ij . (H86)
9. Projected Weyl tensor
As this quantity is defined on the brane, it is more convenient to express it in term of the brane-related (underlined)
metric perturbations instead of the bulk-related (non underlined) metric perturbations as it was the case for the Weyl
tensor.
δZ♯ ≡
2
N
(∆ +NK)Φ +
1
N
∆(Ψ − h)
+ (∂u + U) (∂uΦ+HΨ)− (∂u + 2U −H) (∂uh+ UΨ)
− (∂n + I)
(
∂nΦ−Hh+HΣ +
1
N
∆(bǫ♯)
)
− (∂n + 2I −H) (∂nΨ+ Ih− (∂u + U) Σ)
−Ψ∂u (U −H)− (h∂n − Σ∂u) (I −H) , (H87)
δEv ≡
N − 1
N
(− (HΨ+ ∂uΦ) + (∂uh+ UΨ) + (U −H)h+ (H − I)Σ
− 12∂n
(
Σ− (∂u + U − 2H) (bǫ
♯)
))
, (H88)
δEΠ ≡
1
N
(
(N − 2)Φ−Ψ− (N − 1)h+ ((N − 2)H + I − (N − 1)∂n)(bǫ
♯)
)
, (H89)
δ¯Evi ≡ −
1
2
1
N
(∆ + (N − 1)K)Σ¯i +
1
2
N − 1
N
(∂n +H)
(
(∂n + I −H) Σ¯i − (∂u + U −H) h¯i
)
, (H90)
δ¯EΠi ≡
1
N
(
(∂u + (N − 1) (H− U)) Σ¯i + ((N − 1)∂n + (H − I)) h¯i
)
, (H91)
δ¯EΠij ≡
1
N
((∂u +NH− (N − 1)U) ∂u − (∆− 2K) + ((N − 1)∂n +NH − I) ∂n) E¯ij , (H92)
δE00 =
N − 1
N + 1
n2δZ♯ + 2E00Ψ
+(E˙00 + 2E00∂η)
(
a
n
B +
a2
n2
E˙
)
, (H93)
δE0i = −n∇iδE
v − anδ¯Evi
+E00∇i
(
a
n
B +
a2
n2
E˙
)
+ E ijE˙
j , (H94)
δE ij =
N − 1
N(N + 1)
a2γijδZ
♯
+
(
∇ij −
1
N
∇2γij
)
δEΠ + a∇(iδ¯E
Π
j) + a
2δ¯EΠij
+E˙ij
(
a
n
B +
a2
n2
E˙
)
+ 2Ek(i(E
k
j) − δ
k
j)Φ), (H95)
δE0M = E
0
0δq0M , (H96)
δE iM = E
j
i δqjM , (H97)
δE
MM
= 0. (H98)
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1. New Einstein equations
We rewrite the perturbed Einstein near the brane, that is near y = yb + ǫ. We first define some new bulk matter
content perturbations by
δρ
♯
= δρ♯ + ρ′ǫ♯ − 2F
b
n
ǫ˙♯, (I1)
δP
♯
= δP ♯ + P ′ǫ♯, (I2)
δF
♯
= δF ♯ + F ′ǫ♯ − (ρ+ Y )
b
n
ǫ˙♯, (I3)
δY
♯
= δY ♯ + Y ′ǫ♯ − 2F
b
n
ǫ˙♯, (I4)
af
♯
= af ♯ − bǫ♯, (I5)
δΓ
♯
= δΓ♯ + Γ′ǫ♯ −D
b
n
ǫ˙♯ + F
∇2
a2
bǫ♯, (I6)
aQ
♯
= aQ♯ +Dbǫ♯, (I7)
δD
♯
= δD♯ − ΓΣ+D′ǫ♯ + (Y − P )
∇2
a2
bǫ♯. (I8)
The terms proportional to ǫ♯ come from the fact that we are considering the bulk perturbations at y = yb + ǫ instead
of y = yb. The other terms come from the fact that the brane is not at rest with respect to the bulk coordinate
system, and are a mere consequence of a Lorentz boost with velocity v⊥ = b
n
ǫ˙ along the y axis. Going from the non
underlined (bulk) metric perturbation to the underlined (brane-related) metric perturbations, the Einstein equation
simplify a little bit to
(N − 1) (∆ +NK)Φ−N(N − 1)H (HΨ+ ∂uΦ)
−NU (HΨ+ ∂uΦ)−NH (∂uh+ UΨ)
+∆h−Nh∂n 〈H〉+NΣ∂uH
+N (∂n + (N + 1)H)
(
∂nΦ−Hh+HΣ+
1
N
∆bǫ♯
)
= κN+2
(
Dδρ♯
b
+ δρ
♯
B
)
, (I9)
−(N − 1) (HΨ+ ∂uΦ)
− (∂uh+ UΨ)− (U −H)h− (H − I)Σ
+
1
2
(∂n +NH)
(
Σ− (∂u + U − 2H) (bǫ
♯)
)
= κN+2
(
D(P b + ρb)av
♯
b
+(PB + ρB)av
♯
B − FBaf
♯
B
)
, (I10)
− (N − 2)(N − 1)KΦ
+(N − 1) (∂u +NH) (HΨ+ ∂uΦ) + (N − 1)Ψ∂uH
+(N − 1)U (HΨ+ ∂uΦ) + Ψ∂uU
+(∂u + 2U + (N − 1)H) (∂uh+ UΨ)
−(N − 1) (∂n + I +NH) (∂nΦ−Hh+HΣ)
+ (∂n + 2I + (N − 1)H) (∂nΨ+ Ih− (∂u + U) Σ)
+h∂n 〈I + (N − 1)H〉 − Σ∂u (I + (N − 1)H) = κN+2
(
DδP ♯b +
N − 1
N
D∇2Πb (I11)
+δP
♯
B +
N − 1
N
∇2ΠB
)
, (I12)
(N − 2)Φ−Ψ
+h+ (∂n + (N − 2)H + I) (bǫ
♯) = κN+2
(
Da2Πb + a
2ΠB
)
, (I13)
−N (∂u +H)
(
∂nΦ−Hh+HΣ+
1
N
∆(bǫ♯)
)
−NH (∂nΨ+ Ih− (∂u + U) Σ)
−
1
2
∆
(
Σ− (∂u + U − 2H) (bǫ
♯)
)
−N (H − I) ∂uΦ = κN+2
(
δF
♯
B + FBΨ
)
, (I14)
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−
1
2
(∂u +NH)
(
Σ− (∂u + U − 2H) (bǫ
♯)
)
−
(
1
b
Ψ′ + Ih− (∂u + U)Σ
)
+(N − 1)
(
1
b
Φ′ −Hh+HΣ+
1
N
∆(bǫ♯)
)
+(H − I)Ψ−
N − 1
N
(∆ +NK) (bǫ♯) = κN+2
(
FBav
♯
B + (PB − YB)af
♯
B
)
, (I15)
−(N − 1) (∆ +NK)Φ +∆Ψ
+NΨ∂uH +N (∂u + (N + 1)H) (∂uΦ+HΨ)
+NH (∂nΨ+ Ih− (∂u + U) Σ)
−N ((N − 1)H + I)
(
∂nΦ−Hh+HΣ+
1
N
∆(bǫ♯)
)
= κN+2δY
♯
B, (I16)
−
1
2
(∆ + (N − 1)K) Σ¯i
−
1
2
(∂n + (N + 1)H)
(
(∂n + I −H ) Σ¯i
)
+
1
2
(∂n + (N + 1)H)
(
(∂u + U −H) h¯i
)
= κN+2
(
D(P b + ρb)(v¯
♯
b i − Σ¯i)
+(PB + ρB)(v¯
♯
B i − Σ¯i)− FB(f¯
♯
B i + h¯i)
)
, (I17)
(∂u + (N − 1)H) Σ¯i − (∂n + (N − 1)H) h¯i
+UΣ¯i − Ih¯i = κN+2
(
DaΠ¯
b
i + aΠ¯
B
i
)
, (I18)
1
2
(∆ + (N − 1)K) h¯i
+
1
2
(∂u + (N + 1)H)
(
(∂n + I −H) Σ¯i
)
−
1
2
(∂u + (N + 1)H)
(
(∂u + U −H) h¯i
)
= κN+2
(
FB(v¯
♯
B i − Σ¯i) + (PB − YB)(f¯
♯
B i + h¯i)
)
, (I19)
(∂u +NH) ∂uE¯ij − (∆− 2K) E¯ij
+U∂uE¯ij − (∂n +NH + I)
(
∂nE¯ij
)
= κN+2
(
DΠ¯
b
ij + Π¯
B
ij
)
. (I20)
(A sum on all the brane and bulk species is implicitly assumed on the right hand side of these equations.) One can
easily check that the singular part of the above equation reduces to the second Israel condition.
2. Sail equation
In the following a sum on all the brane and bulk species is implicitly assumed.
N 〈H〉 δP ♯ − 〈I〉 δρ♯
−NP
〈
∂nΦ−Hh+HΣ+
1
N
∆Υ
〉
−ρ 〈∂nΨ+ Ih− (∂u + U) Σ〉 =
[
δY
♯
]
, (I21)
− ∂2u(ρΥ)−NH∂u
(
2ρΥ+ PΥ
)
−∆PΥ+K(N − 1)ρΥ
−N
(
P +
N − 1
N
ρ
)
Υ
(
2∂uH+ (N + 1)H
2
)
−(P + ρ)Υ
(
N 〈H〉 〈H − I〉+
κN+2
4
ρ(P + ρ)
)
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+Υ(N 〈H〉 [Y − P ] + 〈I〉 [Y + ρ]) =
[
δY ♯
]
−N 〈H〉 δP ♯ + 〈I〉 δρ♯
+NP 〈∂nΦ−Hh+HΣ〉
+ρ 〈∂nΨ+ Ih− (∂u + U)Σ〉
+(2∂u +NH)(〈F 〉Ξ)− Ξ∂u 〈F 〉
+N 〈H〉Ξ
(κN+2
4
(P + ρ)2 + 〈Y − P 〉
)
+ 〈I〉Ξ
(
−
κN+2
4
(P + ρ)ρ+ 〈Y + ρ〉
)
. (I22)
3. Perturbed conservation equation
They transform into
(∂u +NH+ U)
(
δρ
♯
− FΣ
)
+NHδP
♯
+ U
(
δY
♯
− FΣ
)
+(∂n +NH + 2I)
(
δF
♯
+ F (Ψ + h)
)
+∆
(
a(P + ρ)v♯ − aFf ♯
)
−N(P + ρ)∂uΦ− (ρ+ Y )∂uh− F∂uΣ+ F∂n(Ψ− h−NΦ) = δΓ
♯
+ ΓΨ, (I23)
(∂u +NH+ U)
(
a(P + ρ)v♯ − aFf
♯
)
+(∂n +NH + I)
(
aFv♯ + a(P − Y )f
♯
)
+δP
♯
+
N − 1
N
(∆ +NK)a2Π+ (P + ρ)Ψ + (Y − P )h+ FΣ = aQ
♯
, (I24)
(∂u +NH + 2U)
(
δF
♯
− F (Ψ + h)− (ρ+ Y )Σ
)
+(∂n +NH + 2I)
(
δY
♯
− FΣ
)
−NHδP
♯
− I(δY
♯
− δρ
♯
)
+∆
(
aFv♯ + a(P − Y )f ♯
)
+F∂u(Ψ− h−NΦ) +N(P − Y )∂nΦ+ (ρ+ Y )∂nΨ+ F∂nΣ = δD
♯
−Dh, (I25)
(∂u + (N + 1)H+ U)
(
(P + ρ)(v¯♯i − Σ¯i)− F (f¯
♯
i + h¯i)
)
+(∂n + (N + 1)H + I)
(
F (v¯♯i − Σ¯i) + (P − Y )(f¯
♯
i + h¯i)
)
+
1
2
(∆ + (N − 1)K) aΠ¯i = Q¯
♯
i −Dh¯i − ΓΣ¯i. (I26)
For the brane components, they are obtained by considering the discontinuity of the {0M}, {iM} components of
Einstein equation or by taking the singular part of the above equations.
∂uδρ
♯
b
+NH(δρ♯
b
+ δP ♯b)
+(P b + ρb)∆av
♯
b −N(P b + ρb)∂uΦ = δΓ
♯
b + ΓbΨ, (I27)∑
b
δΓ♯b + ΓbΨ = −
∑
B
[
δF
♯
B + FBΨ
]
, (I28)
(∂u +NH)
(
(P b + ρb)av
♯
b
)
+ δP ♯b
+
N − 1
N
(∆ +NK)a2Πb + (P b + ρb)Ψ = aQ
♯
b, (I29)∑
b
aQ♯b = −
∑
B
[
FBav
♯
B + (PB − YB)af
♯
B
]
, (I30)
(∂u + (N + 1)H)
(
(P b + ρb)(v¯
b ♯
i − Σ¯i)
)
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+
1
2
(∆ + (N − 1)K) aΠ¯
b
i = Q¯
b ♯
i − ΓbΣ¯i, (I31)∑
b
Q¯b ♯i − ΓbΣ¯i = −
∑
B
[
FB(v¯
B ♯
i − Σ¯i) + (PB − YB)(f¯
B ♯
i + h¯i)
]
. (I32)
4. Einstein equations using the Weyl tensor
(N − 1) (∆ +NK)Φ
−N(N − 1)H (HΨ+ ∂uΦ) =
1
4
N − 1
N
κ2
N+2
(∑
b
ρ
b
)∑
b
δρ♯
b
−(N − 1) 〈H〉
〈
N∂nΦ−NHh+NHΣ+∆bǫ
♯
〉
+
N − 1
N + 1
κN+2
∑
B
〈
δP
♯
B + δρ
♯
B − δY
♯
B
〉
+
N − 1
N + 1
〈
δZ♯
〉
, (I33)
−(N − 1) (HΨ+ ∂uΦ) =
1
4
N − 1
N
κ2
N+2
(∑
b
ρ
b
)∑
b
(
(P b + ρb)av
♯
b
)
−
N − 1
2
〈H〉
〈
Σ− (∂u + U − 2H)(bǫ
♯)
〉
+
N − 1
N
κN+2
∑
B
〈
(PB + ρB)av
♯
B − FBaf
♯
B
〉
+ 〈δEv〉 , (I34)
N − 1
N
(∆Ψ− (N − 2)(∆ +NK)Φ)
+(N − 1) (∂u +NH) (HΨ+ ∂uΦ)
+(N − 1)Ψ∂uH =
1
4
N − 1
N
κ2
N+2
(∑
b
ρ
b
)∑
b
δP ♯b
−(N − 1) 〈H〉 〈∂nΨ+ Ih− (∂u + U)Σ〉
+(N − 1) 〈(N − 2)H + I〉
〈
∂nΦ−Hh+HΣ+
1
N
∆bǫ♯
〉
+
N − 1
N(N + 1)
κN+2
∑
B
〈
δP
♯
B + δρ
♯
B +NδY
♯
B
〉
+
1
4
N − 1
N
κ2
N+2
(∑
b
(P b + ρb)
)∑
b
δρ♯
b
+
N − 1
N(N + 1)
〈
δZ♯
〉
, (I35)
(N − 2)Φ−Ψ =
1
4
N − 1
N
κ2
N+2
(∑
b
ρ
b
)
a2
∑
b
Πb
−〈(N − 2)H + I〉Υ
−
1
4
κ2
N+2
(∑
b
(P b + ρb)
)
a2
∑
b
Πb
+
N − 1
N
κN+2a
2
∑
B
〈ΠB〉+
〈
δEΠ
〉
, (I36)
−
1
2
(∆ + (N − 1)K) Σ¯i =
1
4
N − 1
N
κ2
N+2
(∑
b
ρ
b
)∑
b
(
(P b + ρb)(v¯
b ♯
i − Σ¯i)
)
+
N − 1
2
〈H〉
〈
(∂n + I −H)Σ¯i − (∂u + U −H)h¯i
〉
+
N − 1
N
κN+2
∑
B
〈
(PB + ρB)(v¯
B ♯
i − Σ¯i)− FB(f¯
B ♯
i + h¯i)
〉
+
〈
δ¯Evi
〉
, (I37)
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(∂u + (N − 1)H) Σ¯i =
1
4
N − 1
N
κ2
N+2
(∑
b
ρ
b
)
a
∑
b
Π¯
b
i
+ 〈(N − 2)H + I〉
〈
h¯i
〉
−
1
4
κ2
N+2
(∑
b
(P b + ρb)
)
a
∑
b
Π¯
b
i
+
N − 1
N
κN+2a
∑
B
〈
Π¯Bi
〉
+
〈
δ¯EΠi
〉
, (I38)
(∂u +NH) ∂uE¯ij − (∆− 2K) E¯ij =
1
4
N − 1
N
κ2
N+2
(∑
b
ρ
b
)∑
b
Π¯bij
+ 〈(N − 2)H + I〉
〈
∂nE¯ij
〉
−
1
4
κ2
N+2
(∑
b
(P b + ρb)
)∑
b
Π¯bij
+
N − 1
N
κN+2
∑
B
〈
Π¯Bij
〉
+
〈
δ¯EΠij
〉
. (I39)
5. Relationship between 〈δKαβ〉 and
[
δEαβ
]
− ρ
b
〈
∂nΦ−Hh+HΣ+
1
N
∆Υ
〉
= −δρ♯
b
〈H〉
+
1
N + 1
([
δP
♯
B + δρ
♯
B − δY
♯
B
]
+
1
κN+2
[
δZ♯
])
, (I40)
−(NPb + ρb)
〈
∂nΦ−Hh+HΣ +
1
N
∆Υ
〉
−ρ
b
〈∂nΨ+ Ih− (∂u + U)Σ〉 = −(NδP
♯
b + δρ
♯
b
) 〈H〉+ δρ♯
b
〈I〉
+
1
N + 1
[
δP
♯
B + δρ
♯
B +NδY
♯
B
]
+
1
N + 1
1
κN+2
[
δZ♯
]
, (I41)
−ρ
b
〈
1
2Σ−
1
2 (∂u + U − 2H) bǫ
♯
〉
= −N 〈H〉 (P b + ρb)av
♯
b
+
[
(PB + ρB)av
♯
B − FBaf
♯
B
]
+
N
N − 1
1
κN+2
[δEv] , (I42)
(NP b + ρb)Υ = −N 〈(N − 2)H + I〉 a
2Πb
+(N − 1)a2 [ΠB] +N
1
κN+2
[
δEΠ
]
, (I43)
− ρ
b
〈
1
2 (∂u + U −H) h¯i −
1
2 (∂n + I −H) Σ¯i
〉
= −N 〈H〉 (P b + ρb)(v
♯
b i − Σ¯i)
+
[
(PB + ρB)(v¯
♯
B i − Σ¯i)− FB(f¯
♯
B i + h¯i)
]
+
N
N − 1
1
κN+2
[
δ¯Evi
]
, (I44)
−(NP b + ρb)
〈
h¯i
〉
= −N 〈(N − 2)H + I〉 a2Π¯bi
+(N − 1)a
[
Π¯Bi
]
+N
1
κN+2
[
δ¯E
Π
i
]
, (I45)
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− (NP b + ρb)
〈
∂nE¯ij
〉
= −N 〈(N − 2)H + I〉 Π¯bij
+(N − 1)
[
Π¯Bij
]
+N
1
κN+2
[
δ¯EΠij
]
. (I46)
